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ABSTRACT
Students with or at-risk of learning disabilities in mathematics often experience
working memory deficits that interfere with long-term retention of facts. Fact fluency
reduces the cognitive demand on working memory to allow allocation of cognitive
resources for processing more complex tasks. The current study used a single-case,
multiple-baseline design to investigate the effectiveness of incremental rehearsal, an
evidence-based drill-and-practice strategy, in improving subtraction fact fluency among
elementary students with mathematics difficulties. Participants (N = 4) were three thirdgrade students and one fourth-grade student either with a formal diagnosis of learning
disabilities in mathematics or low performing in mathematics without an identified
disability. Additionally, all participants had difficulty recalling subtraction facts fluently.
Treatment involved repeated practice (unknown) target facts using flashcards with
a high percentage of interspersed fluent facts, while sequentially increasing the interval
between the presentation of target facts. The same set of three target facts and six fluent
facts was practiced in two consecutive sessions using a ratio of one target fact to six
fluent facts. Timed math probes were administered at the end of two consecutive practice
sessions and were used to assess subtraction fact fluency across treatment sessions.
Visual analysis and effect size calculations of student performance on timed probes
revealed that incremental rehearsal was highly effective (Tau-U = 1.0) in improving
subtraction fact fluency for the two participants who received treatment. Unfortunately,
because of the sudden school closure due to the impact of COVID-19, this study was
discontinued before introducing the intervention to the other two participants. Also, a
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posttest to examine fluency gains for specific facts and the social validity assessment to
measure student acceptability could not be conducted. Although findings from this study
provided evidence that IR is a promising strategy, results are tentative. Future research
should include a direct replication of the current study. Implications for practice and
additional research are discussed.
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CHAPTER ONE
INTRODUCTION
Overview
The focus of this chapter is to provide background information on mathematics
competency. First, typical developmental trajectories of fact learning are addressed, along
with the importance of building fluency in basic mathematics facts. Second,
characteristics of students with mathematics difficulties and the challenges that they face
in fact retrieval are provided. Third, evidence-based, drill-and-practice instructional
approaches for building fluency of basic facts are explained, focusing especially on
incremental rehearsal as a strategy. Next, research findings supporting the uniqueness of
incremental rehearsal as a practice strategy to improve basic fact fluency are highlighted.
Finally, the rationale for conducting a study using incremental rehearsal strategy is
described, including its purpose, specific research questions investigated, an overview of
research design used to conduct the study, and definitions for key terms.
Background Information
Mathematics competency is essential for everyday functioning, extending beyond
academics to preparing students for becoming productive members in society. For
example, the real-life applications of mathematics in several careers, such as technology
and finance, as well as decision making and overall work productivity, require
proficiency in mathematics (National Mathematics Advisory Panel [NMAP], 2008).
Mathematics proficiency is the ability to gain an understanding of mathematics concepts,
to use procedural knowledge to execute procedures skillfully, and to apply mathematical
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knowledge efficiently for choosing appropriate strategies to solve mathematical problems
(NMAP, 2008). Unfortunately, recent data from the National Center for Educational
Statistics (NCES, 2017) indicate that mathematics proficiency for fourth- and eighthgrade students did not show any marked improvement when compared to their previous
National Assessment of Educational Progress (NAEP) mathematics assessment in 2015.
Only 40% of fourth-grade students were at or above proficiency in mathematics, both in
2015 and 2017. Likewise, only 33% of eighth-grade students were at or above
proficiency in mathematics in 2015 and only 34% in 2017, indicating that nearly twothirds of the fourth and eighth-grade students continue to perform below a proficiency
criterion. Better understanding of the reasons for such limited mathematics proficiency
may help educators to provide more appropriate instructional support for students who
are low performing.
Developing Mathematics Proficiency
To develop mathematics proficiency, the recent NAEP (2017) report recommends
that fourth-grade students be able to integrate their conceptual understanding, procedural
knowledge, and problem-solving skills to improve achievement in all five NAEP content
areas (i.e., operations, measurement, geometry, data analysis, algebra). The NAEP
recommendations emphasize the need to develop conceptual understanding as well as
procedural knowledge of mathematics skills to enhance application of strategy steps, such
as knowing when to use strategies to solve varied, nonroutine problems. Importantly,
balancing instruction in conceptual understanding and procedural fluency is required to
increase application and generalization of mathematics skills, because students often
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memorize mathematical procedures without understanding patterns and number relations
when performing mathematics tasks (National Council of Teachers of Mathematics
[NCTM], 2000). For example, students may memorize a step-by-step procedure to solve
a two-digit multiplication problem, such as 35 x 24, but may not understand how the
procedure works. Understanding the distributive property of multiplication over addition,
as in 35 x (20 + 4) = (35 x 20) + (35 x 4), may help students to recreate the procedure to
solve the problem. Several recommendations and guidelines set forth by the National
Research Council (NRC, 2001) about the strands of conceptual understanding, procedural
fluency, and strategic competence to promote mathematical proficiency for researchers,
educators, and stakeholders are described next.
Conceptual Understanding
Conceptual understanding relates to understanding the meaning of mathematical
concepts and why specific procedures are used to solve problems. Conceptual
understanding helps one to view facts as a whole rather than as isolated items, relate
known information to unknown, and also supports retention. When students can make a
connection between concepts learned and procedures used, they may be better able to use
and apply that understanding to construct new knowledge. For example, knowledge of a
fact family may help students solve 5 - 3 easily if they understand the relation among the
three numbers 5, 3, and 2. That is, knowing that 3 + 2 = 5 and 5 – 2 = 3 helps students
apply their knowledge to see that 5 - 3 = 2. Conceptual understanding helps with students
monitoring their own thinking; when a concept is understood, students may better recall
the fact and be able to self-correct when the answer does not make sense. Additionally,
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when students practice incorrect procedures without understanding the concept, it
becomes challenging to unlearn incorrect procedures. For example, when solving twodigit subtraction problems such as 53 - 27, a common error that students make is
subtracting the smaller number from the larger number in each column to get an answer
of 34. Therefore, teachers should work initially to build a deeper level of understanding
of number relations by providing direct instruction to develop different strategies, so that
students form a mental representation using key features in the problems.
Procedural Fluency
Procedural fluency is the skill to use a set of steps to solve mathematical problems
accurately, efficiently, and appropriately. However, conceptual understanding is needed
to develop fluency with procedures. Acquisition of conceptual understanding and
procedural fluency are interrelated; when students learn procedures with understanding,
they make fewer errors, learn quickly, and retain more information. They often become
quicker in using the procedural steps accurately. Also, the use of procedures may further
strengthen the understanding of concepts (NRC, 2001). When students can compute
accurately and efficiently without referring to other sources, it facilitates performing
computations mentally. In addition to gaining an understanding of mathematical concepts
and procedures required to solve problems, students are expected to choose appropriate
strategies and apply their knowledge in using these strategies to solve nonroutine
problems efficiently.
Strategic Competence
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Strategic competence is the ability to promote higher order thinking skills by
using the knowledge gained to formulate, represent, and solve problems. Strategically
competent students are proficient problem solvers who can apply their knowledge to
select appropriate strategies for solving nonroutine problems. In other words, they are
able to generalize their knowledge. In addition to understanding problem situations and
knowing procedures and key features for solving problems, strategically competent
students also know to ignore irrelevant features, use mental representations, identify
relationships, and devise new methods. Because students with mathematics difficulties
experience difficulties learning and applying strategies (Geary et al., 2007), educators
have the important task of teaching students different strategies and developing skills for
choosing the appropriate strategy to solve novel problems. In addition to understanding
the rationale for developing strands of mathematics proficiency, knowing the typical
developmental progression for students to attain mathematical competency may assist
teachers in developing an effective learning environment with appropriate expectations.
Typical Learning Trajectories in Mathematics
Knowledge of learning trajectories is vital to assist educators in providing
appropriate instruction, conducting assessments, and knowing where their students are in
relation to their reasoning and cognitive thinking (Allsopp et al., 2007). Although the
learning path of students may vary and students may progress at different rates to the next
level, knowing the learning path of typical students may influence teaching practices and
provide opportunities for teachers to modify instruction (Allsopp et al., 2007). A typical
learning trajectory illustrates the usual developmental progress that students make as they

5

learn and think about specific mathematical ideas and skill over time to gain mathematics
proficiency (Clements & Sarama, 2009). The sequence that typical students follow to
gain proficiency in mathematics includes developing early numeracy skills, such as
counting, computation in addition and subtraction; fluency with basic facts reasoning of
multiplication concepts and reasoning about fraction concepts (Allsopp et al., 2007).
One of the most important components in the primary-level mathematics
curriculum that is necessary for procedural computation and problem solving and is
foundational for the development of subsequent mathematics skills is basic fact fluency
(NMAP, 2008), which denotes the ability to recall combinations rapidly, accurately, and
effortlessly. Basic fact fluency is the intermediate step in skill progression (Haring &
Eaton, 1978) that can help students to move efficiently from acquisition, completing a
skill with accuracy but perhaps slowly, to the mastery level, which is the transferring of
skill accurately and fluently to other novel situations. Learning single-digit arithmetic
(i.e., adding, subtracting, multiplying, and dividing single-digit numbers) is identified as
learning basic facts, and stress is placed on rote memorization of those basic facts (NRC,
2001). However, to attain mathematical proficiency, instead of just relying on rote
memorization, students should know the relational association among numbers (NRC,
2001). In other words, to promote mastery with fact fluency, meaningful memorization
that relies on reasoning strategies is considered more effective rather than rote
memorization that involves a nonconceptual process of recalling a fact (Baroody et al.,
2009). Baroody et al. (2009) described three developmental phases that students typically
progress through to attain proficiency in basic number combinations.
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Phase 1: Counting Strategies
During the first phase Baroody et al. (2009) described, students may use concrete
objects, fingers, and visual representations to count orally or from memory to find
answers to number combinations. First, counting strategies may include counting from
one in the first set (e.g., 1, 2, 3, 4) and then continuing to count items in the second set
(e.g., 5, 6, 7) to find the answer 7 for the number combination 4 + 3. Second, a countingon strategy involves counting-up to add and counting-down to subtract. For example, to
add 4 + 3, the student may use counting-up 3 more from 4 (i.e., 5, 6, 7) to get an answer
of 7 or to find the missing addend, such as 3 + ? = 7 or 4 + ? = 7, the students may use
counting-up-to 7 to find the answer 4 or 3, respectively. Students typically learn to use
the counting-up-from and the counting-up-to strategies at almost the same time. Third,
the counting-up strategy may be followed by developing the counting-down-from
strategy. For example, to subtract 6 - 4, the student may use counting-down 4 less from 6
(i.e., 5, 4, 3, 2) to find the answer 2 to the number combination 6 - 4. Later, the student
may use the more advanced counting-down-to strategy to find the missing subtrahend
such as 6 - ? = 2. Finally, at this stage, students are mostly equipped with the ability to
choose efficient strategies to find answers to number combinations.
Phase 2: Reasoning Strategies
During this phase (Baroody et al., 2009), students mostly use noncounting
strategies to determine answers to unknown combinations by using the association
between known combinations. Reasoning strategies may include adding to 10 (e.g., 7 + 3
= 10; 8 + 2 = 10), decomposing a number based on tens and ones (e.g., 12 + 13 = [10 + 2]
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+ [10 + 3]), using known facts (e.g., to find the answer to the number combination 7 + 5
= ?; use known fact 7 + 3 = 10, so adding 2 more to 10 will result in 12), using related
facts (e.g., knowing 3 + 4 = 7 will help to find 4 + 3 = 7), and using inverse operations
(e.g., knowing 5 + 4 = 9 helps to find 9 – 4 = 5).
Phase 3: Mastery with Fluency
While Phase 1 and Phase 2 involve using deliberate ways to determine the answer
to number combinations, Phase 3 involves automatic recall of basic facts quickly and
accurately (Baroody et al., 2009). For example, when students are asked to respond to
basic number combinations, such as 8 + 6, the student instantaneously responds 14. Thus,
meaningful memorization occurs when Phases 1 and 2 are related to Phase 3. Baroody et
al. (2009) maintained that the conceptual and procedural knowledge acquired during
phases 1 and 2 facilitate typical students in choosing appropriate and efficient strategies
to apply to a new task and to build fluency by rapidly and accurately recalling basic facts
in phase 3 However, typical students appear to differ from students with difficulties in
developing mathematics fact fluency. Understanding the nature of mathematics
difficulties (MD) may assist teachers in determining specific areas for which students
need intervention (Gersten et al., 2005).
Fluency Building and Students with Mathematics Difficulties
Mathematics Performance of Students with Mathematics Difficulties
Students with MD commonly refers to both students with a formal diagnosis of
learning disabilities in mathematics and students who are low achievers in mathematics
(Powell et al., 2013). Geary et al. (2012) differentiated students having a formal diagnosis
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of mathematics learning disabilities with mathematics performance at or below the 11 th
percentile and students who are low achieving with mathematics performance between
the 11th and 25th percentile. With approximately 7% of school-age children demonstrating
symptoms of mathematics disabilities and 10% of students experiencing persistent
learning difficulties in mathematics (Geary et al., 2012), it is evident that students who
struggle with mathematics need special attention. Consequently, researchers and
educators must understand the characteristics of this population to address their areas of
deficit and to improve their mathematics competency.
Classification of Mathematics Difficulties
In general, children with learning difficulties are a heterogeneous group. Students
with mathematics difficulties, may also have reading difficulties (RD). In a study
conducted by Hanich et al. (2001), second-grade children with MD who were good
readers (MD-only), children with RD who were proficient in mathematics (RD-only), and
children with mathematics difficulties as well as reading difficulties (MD & RD) were
identified. The impact of the subtypes of learning difficulties on the reading and
mathematics ability of the students differ. A longitudinal study conducted by Jordan et al.
(2002) revealed that for students with RD-only, reading difficulties had a negative
influence on mathematics performance though student’s mathematics abilities did not
have a negative impact on reading performance. For example, Jordan et al. (2002) found
that when comparing students with MD-only or RD-only with students with comorbid
MD & RD, children with MD-only progress better in mathematics competence compared
to children with comorbid MD & RD and children with RD-only progress at the same
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rate as students with MD & RD in reading achievement. The difference in mathematics
competency of these three subtypes of learning difficulties may be the result of variability
in the functional task (e.g., calculation, problem-solving) and cognitive profiles (e.g.,
verbal working memory, visuospatial working memory) of students with MD-only,
students with RD-only, and students with both MD & RD (Jordan et al., 2002; Fuchs &
Fuchs, 2002).
Functional and Cognitive Deficits
Research indicates that, based on the subtypes of learning difficulties (i.e., MDonly, RD-only, both MD & RD), the specificity of verbal or numerical working memory
deficits may vary (Fuchs & Fuchs, 2002). Working memory allows the brain to store
information for a limited period while simultaneously processing other cognitive
demands (Baddeley, 1986). Though all three subtypes exhibit WM deficits, students with
comorbid MD & RD demonstrate more severe verbal as well as numerical WM deficits
than students with MD-only or RD-only, which suggests that students with MD & RD
have more severe cognitive deficits than children with RD-only and MD-only (Peng &
Fuchs, 2016). Specifically, Peng and Fuchs (2016) pointed out that the numerical WM
deficit appears more significant among children with MD-only and children with
comorbid MD & RD when compared to students with RD-only. Hence, it can be
concluded that students with MD-only and students with MD & RD need to acquire
different skills across mathematical areas to achieve competency (Jordan et al., 2003b).
Additionally, the WM deficits of students with MD-only and comorbid MD & RD may
affect mathematics cognition tasks across the domain (Geary et al., 2007). Thus, students
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with MD-only and MD & RD experience difficulties in many areas of mathematics
achievement (Powell et al., 2013). When examining the difference in second-grade
students’ performance in different areas of mathematical cognition for children with MDonly and children with MD & RD, Hanich et al. (2001) revealed that children with MDonly performed better than children with comorbid MD & RD in the area of computations
(i.e., calculation of number combinations and problem-solving). However, both children
with MD-only and with MD & RD had difficulty with basic fact retrieval (Hanich et al.,
2001).
Problem-Solving. Jordan et al.’s (2003b) longitudinal study revealed that
students with MD-only performed better in problem solving than students with comorbid
MD & RD; the difficulties students with MD & RD in second grade experienced
remained stable and severe even by the end of second and third grade, while students
with MD-only progressed faster. These researchers speculated that children with MDonly outgrew or compensated for their weakness in problem-solving by using their
reading and verbal strengths. They posited that students with MD-only, and as average
readers, were able to perform better in problem solving in the later grades by
understanding the words of the problem and translating verbal to numeric representations.
Mathematics Fact Retrieval. Both students with MD-only and students with
comorbid MD & RD experience difficulty with basic fact retrieval because they rely
heavily on finger counting strategies rather than retrieving mathematics facts from
memory (Jordan & Montani, 1997). However, students with MD-only use counting
strategies more accurately compared to students with MD & RD, who often counted one
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more or one less using their fingers (Hanich et al., 2001). When performance on
mathematics facts was timed, students with MD-only performed more poorly than typical
achievers, because they were required to retrieve mathematics facts from memory quickly
and accurately (Jordan & Montani, 1997). However, when it was untimed, no difference
was observed in the performance of students with MD-only and typical achievers,
because students with MD-only used their back-up strategies, such as finger counting
(Geary, 2004).
Whereas students with MD & RD showed significant difficulty with timed and
untimed performance when compared to typical achievers, students with MD & RD
performed worse than students with MD-only because they used backup strategies less
skillfully (Jordan and Montani, 1997). Though students with MD-only progressed better
than students with MD & RD in general mathematics, specific mathematics areas, such as
basic mathematics fact retrieval, pose a constant challenge for both students with MDonly and students with comorbid MD & RD (Jordan et al., 2003b). Fact fluency provides
an important foundation for developing proficiency in higher level skills in mathematics
and should be addressed directly (Hasselbring et al., 1987; NMAP, 2008).
Significance of Developing Fact Fluency
Lacking fluency in basic facts can place students at risk of further MD (NMAP,
2008). Notably, research has demonstrated that students with MD who lack automaticity
for basic facts (Mazzocco et al., 2008) may have limited ability to think mathematically
through concepts and processes, because it may be cognitively challenging to solve
varied tasks at the same time, particularly when these tasks are demanding (Codding et
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al., 2010). The challenge with cognitive deficits underlying poor rapid fact retrieval from
long-term memory is due to weak number sense, difficulty in spatial representation
relating to numerical magnitude, and weak mental processing (Jordan et al., 2003b;
Robinson et al., 2002). Hence, when more cognitive demands are placed on retrieving
facts from working memory, limited cognitive resources are available to perform more
complex tasks (Goldman & Pellegrino, 1987). On the other hand, fact fluency can free up
the cognitive load to solve nonroutine and complex problems, which in turn promotes
strategic competence (NRC, 2001). Additionally, when students are able to retrieve facts
quickly and accurately, it may reduce their frustration and level of anxiety when solving
complex mathematics problems (Cates & Rhymer, 2003). For these reasons, developing
basic mathematics fact fluency is vital, specifically for students with are performing
poorly in mathematics.
When students’ conceptual understanding of numbers becomes established and
they start using more efficient mature strategies (e.g., counting on, decomposition,
properties), their ability to answer to number combinations correctly becomes more
efficient and consistent in their working memory (i.e., declarative knowledge; 3 - 2 = 1 &
2 + 1 = 3) leading to long-term retention of basic facts (Fuchs et al., 2008; Goldman &
Pellegrino, 1987). In contrast, when children with MD rely on procedural knowledge
involving mostly immature strategies (e.g., finger counting) to retrieve facts accurately
and quickly, these inefficient strategies lead to procedural fluency delays causing
difficulties with retrieving facts from memory (Hasselbring, 1988). Moreover, when
children with MD discover that the immature strategies, though effortful and time-
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consuming, are supporting them to arrive at solutions, they may have difficulty
transferring the procedural knowledge on mathematics fact retrieval to storing as
declarative knowledge in long-term memory (Hasselbring, 1988). Consequently, a
student’s inability to develop declarative fact knowledge may have a significant influence
on the students’ mathematical performance (Gersten et al., 2005).
Consistent with the Individuals with Disabilities Education Act (2004), research
evidence shows that, when students with disabilities are held to high expectations and
provided with appropriate instruction to successfully meet rigorous academic standards,
students with disabilities can learn grade-level content (U.S. Department of Education,
2015). Given that mathematics fact retrieval poses a constant challenge for both students
with MD-only and students with comorbid MD & RD (Jordan et al., 2003b) for
developing mathematics proficiency, a problem-solving approach that triggers strategic
mathematical thinking has to be encouraged for children with MD to overcome the
challenge that may arise due to rote memorization (Baroody, 2006). Further, Baroody
(2006) indicated that a problem-solving approach promotes conceptual understanding of
mathematics facts, and that conceptual understanding and procedural knowledge of
mathematics facts and their connections using number lines, fact families, pictorial
representations, and manipulatives may enhance automatic mathematics fact retrieval.
Thus, teachers should emphasize on a coherent approach in elementary curricula where
conceptual understanding, procedural fluency, and problem-solving skills are interrelated,
contributing factors to student’s development of mathematical proficiency (NMAP,
2008). Evidence-based instruction in developing and choosing appropriate strategies to
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apply to novel problem situations may be beneficial in building declarative and
procedural knowledge and promoting fluency of basic mathematics facts.
Explicit Strategy Instruction. The significance of building fluency in basic
mathematics skills is stressed in NMAP and NCTM. However, there is no common
agreement on the method of instruction that can be used in teaching basic skills, such as
basic mathematics facts (NCTM, 2000; NMAP, 2008). The NMAP (2008) report
indicates that all students may not require an explicit approach to mathematics
instruction, but results from high-quality studies have shown that students with MD
benefit positively from explicit instruction, especially in developing foundational skills,
although methods may vary (i.e., using tens frame or number line; Woodward, 2006).
Explicit instruction is an evidence-based, systematic, direct, and concise approach to
teach students through demonstration, guided practice, and independent practice,
including several essential features, such as multiple opportunities to practice and
immediate corrective feedback (see Archer & Hughes, 2011). Explicitly teaching
different strategies may allow students to gain proficiency in basic facts and to advance to
using more efficient strategies. When students develop proficiency in various strategies,
they start recalling easy mathematics facts quickly, which encourages students to use
efficient strategies to recall more difficult mathematics facts (Isaacs & Carolls, 1999).
This approach of acquiring competency in using more efficient strategies will help
students to store more facts in memory, which later can be recalled from memory quickly
and accurately (Isaacs & Carolls, 1999).
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Most strategically competent children develop procedural fluency by selecting an
appropriate strategy from a variety of strategies to solve challenging problems (NRC,
2001). However, students with MD are generally poor strategic learners, so strategy use
in performing higher level mathematics skills poses a challenge that may necessitate
explicit instruction in choosing, applying, and examining appropriate strategies
(Montague, 2008). Because students with MD perform worse than their peers in overall
mathematics performance, explicit instruction in understanding number relations and
using appropriate strategies are not sufficient in building fluency of basic facts
(Woodward, 2006) but require additional interventions that incorporate practices
activities to catch up with their peers (Cumming & Elkins, 1999).
Strategy Instruction with Practice. Only with repeated practice may basic facts
be recalled quickly, accurately, and effortlessly (Gersten et al., 2005). Without
meaningful learning and purposeful practice of basic facts, students may revert to rote
memorization (Baroody, 2006). Notably, timed practice combined with strategy
instruction (Woodward, 2006; Fuchs et al., 2009) as well as corrective feedback are more
effective in teaching number combinations rather than providing strategy instruction
alone (Powell et al., 2009). Additionally, Fuchs et al. (2010) showed that, although
students with MD acquired knowledge on number combinations through strategic
instruction, effects of strategic instruction with deliberate practice was superior. These
results highlight the importance of practice opportunities along with systematic strategy
instruction to compensate for deficits in basic fact retrieval for students with MD.
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Early Intervention. Early intervention for building fact fluency is essential
because students who struggle with basic fact retrieval in the elementary grades may
continue to have difficulty in later grades (Jordan et al., 2009). Importantly, early
mathematics interventions promote the shift from concrete to mental representations to
the development of fluency in basic mathematics facts (Gersten et al., 2005). In fact, one
of the key ingredients in developing automaticity in basic facts is through fluency
intervention that incorporates lots of timed practice (Daly et al., 2007).
Drill and Practice
Drill and practice is an activity that uses repetitive practice to promote fluency or
automatic retrieval of specific skills, such as arithmetic facts, sight words, vocabulary
words, and spelling words. Fuchs et al. (2008) described drill and practice as an effective
mathematics intervention principle that promotes fluency building. Developing fluency in
basic facts for students with MD can be achieved through extensive drill and practice
(Goldman & Pelligrino, 1987; Hasselbring et al., 1987), because overlearning and
routines help students to retrieve facts quickly and accurately (Baroody, 2006). For
efficient recall of basic facts, however, appropriate instruction that establishes an
association between numbers pairs and its answer is needed before placing students with
MD in drill-and-practice activities (Hasselbring et al., 1987). Further, Hasselbring and his
colleagues emphasized that students need to develop accuracy with facts before they can
efficiently increase the speed of accurate responding, which stresses the need for
purposefully planned drill-and-practice opportunities. For example, premature practice
may induce fear and anxiety when students are expected to retrieve facts quickly without
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acquiring necessary strategies for fast retrieval and may prompt students to become
quicker in using their own immature strategies to meet the demands of speed (Isaacs &
Carol, 1999).
Significance of Drill and Practice
One potential reason for American students performing worse than many of their
peers from other nations in computational fluency is because of the difference in the
quantity and quality of practice in basic facts provided in schools that are required to
promote skillful execution of complex skills (NMAP, 2008). Though a sufficient amount
of practice is needed to develop fluency of basic facts, many American teachers often fail
to provide ample opportunities to practice basic skills while importance is given to
teaching a more complex skill (Daly et al., 2007). Binder (1996) recommended that,
because fluency is achieved through practice, 30% of the instructional time should be
devoted to the acquisition of new skill, and the rest of the 70% of the time should be
devoted to practice items for which accuracy has been established. Also, as students use
repeated practice to develop fluency with basic skills, learning processes associated with
basic fact acquisition become easier (Johnson & Layng, 1996), requiring less attention
and instruction (Daly et al., 2007). Thus, teachers should allocate sufficient time for
repeated opportunities to practice to assure fluency of basic facts.
Types of Practice
Practice opportunities improve learning and retention, but how practice occurs
also is important. The basic facts that a student can recall accurately within 2-3 seconds
are often indicated as known items, and unknown items are facts that students have
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difficulty recalling accurately within 2-3 seconds. Practices can be massed, spaced, or
expanded. The traditional drill model usually involves using massed practice, where each
unknown item is presented in quick succession one after the other. Spaced practice
involves spacing the interval of repeatedly practicing an unknown item by interspersing
with known or previously learned items across practice sessions. The spacing interval
between the unknown items can either be fixed (e.g., unknown, known, known, known,
unknown, known, known, known) or variable (e.g., unknown, known, known, unknown,
known, unknown, known, known, known). Repeated practice of unknown items that are
spaced over time has shown to result in accurate responding of unknown items quickly
compared to massed practice (Rohrer & Taylor, 2007; Kang, 2016). Practice can be
massed initially to develop accuracy of skill and later could be spaced for building
retention (Johnson and Layng, 1996). In mathematics, spacing repeated practice of
unknown facts over time (i.e., spacing effect) produced better retention and helped in
developing fluency of basic facts (Hasselbring, 1988). A form of spaced practice where
the presentation of each unknown fact is progressively expanded or increased (i.e.,
variable) is known as expanded practice. Learning using expanded practice has shown to
be effective in increasing retention and maintaining performance compared to spaced or
massed practice (Landauer & Bjork, 1978; Rea & Modiglianai, 1985). This linear
increase in the interval between the unknown item increases opportunities to practice the
unknown item (Landauer & Bjork, 1978) and may result in information getting stored in
long-term memory and in quicker recall (Bjork, 1988).
Research on Effective Drill and Practice Activities
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Though fluency concerns for students with MD are associated with cognitive
deficits, repeated practice through appropriate empirically validated rehearsal activities
can facilitate the building of fluent basic facts. Research indicates that explicit
mathematics instruction with strategies (e.g., direct modeling of basic concepts of
subtraction, counting up to subtract), followed by routine drill-and-practice activities that
provide multiple opportunities to respond with immediate corrective feedback (Pool et
al., 2012), reinforcement (Daly et al., 2007); and timed, distributed practice of basic
skills, supports fluency in basic mathematics skills (Fuchs et al., 2019). Additionally, a
meta-analytic review conducted by Codding et al. (2011) on the components of basic
mathematics fact fluency interventions for students with learning disabilities suggested
that drill and practice with self- or teacher-directed modeling, produced the largest effect.
Codding et al. (2011) concluded that fluency interventions incorporating the three
components of repeated practice, corrective feedback, and reinforcement demonstrated
the largest effect sizes.
Critical Components of Effective Drill-and-Practice Activities
Modeling
Modeling is demonstrating a skill, such as a number combination and its answer,
before allowing the student to engage in practice opportunities. Modeling has found to
have a positive effect on improving basic skill fluency when it is combined with multiple
opportunities to practice (Daly et al., 2007).
Multiple Opportunities to Practice and Respond
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One of the essential elements that strengthens mathematics fluency building
interventions is repeated practice opportunities (Rivera & Bryant, 1992). Most students
require several repetitions through practice opportunities to master a new item. Increased
opportunities to practice increases the likelihood for a student to gain skill proficiency
(Rivera & Bryant, 1992; Stocker & Kubina, 2017). Opportunities to respond refers to the
number of prompts students are given to elicit a correct response. With more
opportunities to respond, students may complete more problems, which in turn increases
opportunities for corrective feedback and reinforcement (McCallum & Schmitt, 2011)
and leads to more engaged time on task.
Immediate, Corrective Feedback
While students are practicing skills, they require teacher feedback, either
confirming that they have produced the correct response or more prompting to correct
any errors that were made. Practice opportunities provided with immediate, corrective
feedback promote student engagement, retention, and correction of previous inaccurate
responses (Epstein et al., 2010). Also, feedback that is provided promptly and correctly
will prevent students from learning a skill incorrectly by chance (Skinner & Smith, 1992;
Cozad & Riccomini, 2016).
Drill-and-practice activities can be used to develop fluency of basic facts using
flashcards (e.g., Burns, 2005), peer tutoring (e.g., Cooke & Reichard, 1996),
computerized practice (e.g., Hasselbring, 1988) and self-management techniques (e.g.,
Hulac et al., 2012). Several drill-and-practice activities that use a systematic, brief,
rehearsal strategy to build basic fact fluency and incorporate recommended critical
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components, such as modeling, multiple opportunities to practice, and immediate
corrective feedback, are described next.
Types of Drill-and-Practice Activities
Cover, Copy, Compare
Cover, copy, compare is an evidence-based drill-and-practice activity that uses a
self-management strategy. It was first developed to improve spelling fluency and later
adapted by Skinner and colleagues (1989) to help students acquire and build fluency in
multiplication facts (Stocker & Kubina, 2017). The cover, copy, compare procedures
(Skinner et al., 1989) require the student to view the number combination and its answer,
cover up the problem and the solution, write the problem and the solution from memory,
uncover the problem and the solution, compare the response with the model. If the
response is correct, the student will move to the next problem. If not, the student will
write the problem and solution three times. Findings from the Skinner et al. (1989) study
indicate that cover, copy, compare intervention was an efficient method for increasing
multiplication fact fluency.
Taped Problems
Another evidence-based self-monitoring strategy involves the use of taped
problems. A tape recorder is used to improve the fluency of an academic skill. In the
taped problems procedure, the student (a) listens to the problem read, (b) writes the
answer to the problem on a sheet of paper before the tape recorder answers, (c) listens to
the answer provided by the audio tape that employs a time delay (i.e., an interval between
the student’s response and the presentation of the answer by the audiotape), (d) writes a
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slash on the response if incorrect and writes the correct response as heard on the tape, and
(e) continues to listen to the next problem if the student responds accurately within the
response interval. Freeman and McLaughlin (1984) developed this procedure to improve
sight-word oral reading. Later it was adapted by McCallum et al. (2004) to enhance the
basic division fact fluency of an elementary student with MD. The results of the
McCallum et al. (2004) study showed an increase in the division fact fluency after the
intervention was implemented.
Detect, Practice, Repair
Detect, practice, repair is an evidence-based drill-and-practice activity that uses a
test-teach-test strategy format to improve fact fluency (Poncy et al., 2006). Detect,
practice, repair includes the following steps. First, students are expected to complete a
timed pretest containing a prescribed number of problems (i.e., within the 1.5 sec for each
problem). Second, the first five unanswered items from the pretest are selected to practice
using the cover, copy, compare with both verbal and written responding. Third, after the
intervention, a math sprint on the randomly selected problems is administered for 1 min
and scored as digits correct per minute. Finally, the scores are self-graphed for daily
feedback and reinforcement. Poncy et al. (2006) conducted a study to investigate the
effectiveness of the detect, practice, repair activity to improve subtraction fact fluency of
14 low-achieving students. Results indicated a significant increase in the subtraction fact
fluency for the participants.
Self-Administered Folding-in Technique
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Self-administered folding-in technique is a combination of the cover, copy,
compare, and the interspersal flashcard technique (i.e., manipulation of known and
unknown items) to increase fluency of basic facts (Hulac et al., 2012). Self-administered
folding-in technique includes the following steps. First, the students are pretested using
flashcards that contain all number combinations for a particular fact set, and then known
and unknown facts are sorted. Second, a daily stack is created by choosing three
unknown cards and seven known cards. Third, the student will pick each card, read the
problem, write the answer on a whiteboard, and compare the answer with the answer at
the back of the flashcard. Fourth, if the answer is correct, the student places the card in
the daily known stack and proceeds to the next problem. Finally, if the answer is
incorrect, the student places the card in the daily unknown stack and writes it three times
correctly. The student repeatedly practices the ten cards until all ten cards are answered
correctly three times. The student follows the above steps with the remaining unknown
cards.
Although each of the drill-and-practice activities described utilize different
strategies (e.g., self-monitoring, self-management, teach-test-teach, interspersal) and have
shown positive effects in building basic fact fluency, incremental rehearsal (IR; Tucker,
1989) is an empirically validated rehearsal strategy that consistently has shown
improvement in basic fact fluency among students with (e.g., Burns, 2005; McVancel et
al., 2018) and without disabilities (e.g., Burns et al., 2016; Codding et al., 2010) through
better retention, efficiency, and generalization effects (Codding et al., 2010).
Incremental Rehearsal
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IR is a rehearsal strategy that uses the flashcard method to build fluency, address
retention, and improve generalization outcomes (e.g., Burns, 2005; Codding et al., 2010;
MacQuarrie et al., 2002). In addition to incorporating critical features of drill-andpractice intervention activities, IR is distinct from the other practice strategies because it
uses interspersal of known and unknown items. Specifically, the interspersing a high
percentage of known items to unknown items (Tucker, 1989) makes it more effective
than other drill models, because the frequent repetition of an unknown item spaced
incrementally over the practice session increases the opportunities to practice and
respond to the same unknown fact. Additionally, the high percentage of known facts
encourages and motivates students to rehearse the unknown facts because it reduces the
anxiety that occurs when students are exposed to all unknown facts as in the traditional
drill model.
Interspersing Known to Unknown Items
Interspersing of known and unknown items is a critical feature that makes IR
unique. Though students achieve mastery through massed practice (i.e., only unknown
items), a systematic practice that intersperses already known items with unknown items
promotes better acquisition and retention of unknown items (MacQuarrie et al., 2002;
Stein et al., 2018). Better retention of basic facts is achieved because the interspersing
technique may result in more specific memory traces of unknown items (Varma &
Schleisman, 2014). In addition to increased retention, interspersal techniques can lead to
better generalization (Cates, 2005). Moreover, interspersing unknown items with known
or easier items increases students’ time on task (Cates & Erkfritz, 2007), perhaps because
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students prefer the academic task that requires less effort (Logan & Skinner, 1998), and it
may give them the confidence that the task is achievable, making learning reinforcing.
Advantage of IR to Other Interspersal Drill Models. Although research
supports the effect of interspersing known and unknown items to build fluency, the ratio
of known and unknown used in drill models varies. Several researchers used different
ratios when interspersing known and unknown items, such as 50% known and 50%
unknown (e.g., Neef et al., 1977) and 70% known to 30% unknown (e.g., Cooke et al.,
1993), to improve time on task, efficacy, and retention. Although there is no consensus
on the ratio of known and unknown items, research shows that a more challenging ratio
of known to unknown items (e.g., 50% known to 50% unknown) leads to acquisition
while a less challenging ratio (e.g., 90% known to 10% unknown) leads to better
retention (MacQuarrie et al., 2002). Among the different drill models that use interspersal
of known and unknown items, the drill sandwich model (Cooke et al., 1993; 70% known
and 30% unknown) and IR (Tucker, 1989; 90% known and 10% unknown) are the two
drill models that provide repeated rehearsal of unknown items using less challenging
ratios, leading to better retention (MacQuarrie et al., 2002).
In addition to interspersing known and unknown items and using a less
challenging ratio, IR may be used to intersperse known to unknown items in gradual
increments to improve learning rate and retention (Burns, 2005). For example, an
unknown fact is presented, then a known fact is presented, then the same unknown fact is
presented, followed by two known facts, then again, the same unknown fact is presented,
followed by three known facts. This sequence continues depending on the number of
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known and unknown facts selected for the instructional session. When the interval
between the unknown items are sequentially increased, spacing supports the unknown
items to move from short-term to long-term memory, optimizing opportunities to
practice, and to promote better retention of unknown items (Nist & Joseph, 2008). The
expanded practice in IR supports the increased presentation of unknown items using a
ratio of 90% known to 10% unknown items (Burns, 2004). Because fluency is associated
with the number of opportunities to practice (Logan & Klapp, 1991), when students are
presented with multiple opportunities to practice the known and unknown facts in IR, IR
facilitates quicker latencies with fluency when compared to drill sandwich model
(MacQuarrie et al., 2002).
Incremental Rehearsal Strategy and Research
Incremental rehearsal strategy has a strong research base, and prior research has
established IR as an effective and efficient flashcard technique. Many studies have
examined the effectiveness of the IR technique in a variety of academic areas, such as
letter identification (e.g., Bunn et al., 2005), sight words (e.g., Kupzyk et al., 2011),
vocabulary words (e.g., Swehla et al., 2016), spelling (e.g., Garcia et al., 2014),
mathematics facts (e.g., Burns, 2005; Codding et al., 2010), and international language
(e.g., MacQuarrie et al., 2002). The effectiveness and efficiency of IR has been
investigated across different grades (e.g., preschool, Bunn et al., 2005; elementary and
middle, Codding et al., 2010; Zaslofsky et al., 2016), students without disabilities (e.g.,
DuBois et al., 2014), students with disabilities (e.g., Haegele & Burns, 2015), English
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language learners (e.g., Rahn et al., 2015), and delivery methods (e.g., flashcards, Nist &
Joseph, 2008; computer-assisted instruction, Volpe et al., 2011a).
Evidence Base of Incremental Rehearsal in Reading
Comparison of IR to Other Flashcard Techniques
Research results (MacQuarrie et al., 2002; Nist & Joseph, 2008; Burns & Boice,
2009; Burns & Sterling-Turner, 2010; Joseph et al., 2012; Mule et al., 2015; Volpe et al.,
2011b) indicate mixed findings on the effectiveness and efficiency of IR compared to the
traditional model for learning sight words. Several comparison studies investigated
fluency (i.e., word retained accurately and quickly) and some investigated efficiency (i.e.,
words retained per instructional time) of IR with two or more flashcard techniques.
Studies conducted by MacQuarrie et al. (2002), Nist and Joseph (2008), Burns and Boice
(2009), Burns and Sterling-Turner (2010), and Joseph et al. (2012) reported that IR was
an effective method for retention, maintenance, and generalization when compared to
traditional drill and practice. In contrast, findings from a study conducted by Mule et al.
(2015) with a student with autism spectrum disorder revealed that the traditional drill
model was more efficient and effective than IR for retention, maintenance, and
generalization of sight words. Similarly, Volpe et al. (2011b) conducted a study to
examine the effectiveness of IR and traditional model with four, first-grade students on
improving word recognition. When opportunities to respond were held constant, the
traditional model was more efficient than IR. However, the effectiveness of the
traditional model and IR was similar across retention, maintenance, and generalization.
IR served as an effective method in retaining newly learned words compared to the
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traditional model, and the traditional model was more efficient in terms of words retained
per instructional time. The finding on efficiency of traditional model is reasonable,
because only the unknown words are presented. This high percentage of unknown words
presented for rehearsal enables a student to practice more unknown items in less time
overall compared to IR in which only one unknown fact is presented at a time
interspersed with a high percentage of already known facts.
Variations of IR
Studies comparing the effects of traditional IR procedures with variations have
led to additional features being incorporated in the IR strategy. These additional features
included (a) only unknown items; (b) prompt delay for eliciting response, that is, the
student is initially prompted during modeling the unknown item and thereafter prompted
if student does not say within 2 s; and (c) change of unknown item based on the learner’s
performance rather than the order of presentation.
Kupzyk et al. (2011) compared traditional IR to strategic IR with four elementary
students to determine its effectiveness on word acquisition. Findings revealed that in
strategic IR, students read more words when strategic features were incorporated than in
traditional IR. The findings of Kupzyk et al. (2011) that strategic IR is more effective and
takes less time to learn unknown sight words when compared to traditional IR are
confirmed in another study by January et al. (2017).
Haegele & Burns (2015) examined the effectiveness and efficiency of sight word
recognition with students with learning disabilities using variations of IR based on
different set sizes, such as a set of two unknown words, a set of eight unknown words,
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and a set based on the student’s acquisition rate, which is the number of unknown words
that a student can learn and later recall during an intervention session prior to reaching a
ceiling. They reported that acquisition rate condition resulted in more retention and
efficiency of words compared to the other two variations of IR.
Swehla et al., (2016) examined the effect of widely spaced IR condition (i.e.,
spacing as used in traditional IR) and narrowly spaced IR condition (i.e., spacing
increased exponentially) revealed that the information retained in the widely spaced IR
was better than in the narrowly spaced IR. However, the efficiency of both the narrowly
spaced and widely spaced IR were equal when measured using the number of words
retained per instructional minute. In summary, IR is an effective drill model for
developing fluency. Variations of IR that include features of increased opportunities to
respond as a result of spacing and instruction of unknown items at the instruction level of
the students (i.e., based on student acquisition rate) have shown to result in better
retention.
Overall, IR incorporates the critical components of effective drill and practice,
such as modeling, multiple opportunities to practice and respond, immediate corrective
feedback, and reinforcement. Also, IR includes other key features, such as expanded
practice, interspersal of known to unknown items, presentation of items in increments,
and a less challenging ratio of unknown to known items, making the IR strategy unique.
However, examining research studies systematically is crucial for summarizing and
interpreting the overall effectiveness of the intervention to guide practitioners in
implementing it (Kavale & Forness, 2000).
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Rationale
As noted, the NCES (2017) results indicate lack of significant change in
mathematics performance of students compared to previous years, which warrants the
need for researchers and educators to focus their attention on identifying empirically
validated intervention in mathematics to remediate skill deficits. Moreover, developing
fluency of basic facts is one area of mathematics that supports increased performance on
more advanced mathematical skills (Hasselbring et al.,1988). Specifically, for students
with MD, due to their cognitive (e.g., visual working memory, verbal working memory)
and functional deficits (e.g., computation, problem-solving, number sense), developing
fluency of basic facts through repeated practice is essential (Goldman & Pelligrino, 1987;
Hasselbring et al., 1987). Given that approximately 7% of school-aged children have
significant mathematics deficits, and 10% of students are low achieving in mathematics
(Geary et al., 2012), and owing to scant research in the area of mathematics, research to
improve mathematics proficiency of students with MD is warranted.
IR (Tucker, 1989) is a drill-and-practice strategy with a research base and uses
frequent opportunities to respond to help students with MD retain and retrieve basic facts
effectively. Based on IR research documenting effectiveness in improving acquisition,
retention, maintenance, and generalization, IR is an effective strategy that can be used by
practitioners routinely in the classroom to build fluency and to improve the academic
performance of students. Despite research on the effectiveness of IR in mathematics for
students with disabilities (Burns et al., 2012), however, few studies are available using IR
to build basic mathematics fact fluency.
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Specifically, to date, no empirical studies have used IR to investigate subtraction
fact fluency among elementary students with mathematics difficulties. Subtraction facts
are selected because the Common Core State Standards (National Governors Association
Center for Best Practices Officers, 2010) states that third-grade students are expected to
use strategies to fluently add, subtract, and multiply, and fourth-grade students are
expected to use strategies to fluently add, subtract, multiply, and divide whole numbers to
solve problems. Typical students develop fluency with addition and subtraction by the
end of second grade. However, due to cognitive deficits and increased reliance on
inefficient strategies, such as finger counting, many students with MD differ from their
typically achieving peers in their limited ability to retain and retrieve basic mathematics
facts (Geary, 2004).
Purpose of the Study and Research Questions
The purpose of the study was to contribute to the existing, though limited,
research base of the IR strategy in building basic mathematics fact fluency of elementary
students with MD. First, I investigated the effectiveness of incremental rehearsal strategy
on building subtraction fact fluency of elementary students with MD. Second, I
investigated whether multiple opportunities to practice a set of unknown facts increases
the efficiency with which students with MD recall the unknown facts quickly and
accurately. Finally, I examined the student’s acceptability of the IR strategy in building
subtraction fact fluency. The following research questions will be investigated:
1. What is the effectiveness of IR strategy in building subtraction fact fluency
among third and fourth-grade students with mathematics difficulties?
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2. Do additional opportunities to practice a set of target facts in two sessions over
one session increase the accuracy of fact recall among students with mathematics
difficulties?
3. What is the perception about the acceptability of using the IR strategy for building
subtraction fact fluency among third and fourth-grade students with mathematics
difficulties?
Overview of Research Design
A single-subject, multiple-probe baseline design (Kazdin, 2011) across
participants is used to investigate the effect of IR in increasing fluency of subtraction
facts (i.e., single-digit subtrahend and differences) of elementary students with MD. A
multiple baseline design is appropriate for learned behavior (e.g., basic facts, spelling
words) that cannot be reversed, because this design does not require the withdrawal of
interventions once introduced, unlike ABAB design (Kennedy, 2005). Also, due to
nonreversibility, this design is ethically desirable as the student will continue to receive
the benefit of IR when the child shows improvement in the fluency of mathematics facts.
Moreover, this design controls for extraneous factors and demonstrates a functional
relation between the dependent and independent variables (i.e., change in the dependent
variable occurs only when the independent variable is introduced) by concurrently
establishing baselines for all participants and introducing IR to each participant at
different points of time when stability in baseline data is noted (Kazdin, 2011). This
staggered introduction of IR makes it evident that the improvement in subtraction facts is
due to the use of IR and not due to other extraneous factors. When a change in the pattern
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(i.e., change in level or trend) of performance occurs from baseline to intervention for the
participant who received IR while other baselines remain stable, then the IR intervention
is introduced to the subsequent participant (i.e., next tier). Similarly, the process is
repeated across the rest of the participants. In this design, data points are collected before
and after introducing the intervention for each participant. This procedure enables
researchers to note any immediate change in performance that allows for demonstration
of a functional relation. Additionally, the multiple-probe baseline design, a variant of
multiple baseline design, is used in this study, because the intermittent collection of data
during baseline for students who have prolonged baseline reduces the anxiety and fatigue
that students with MD may experience when assessed on skills for which they struggle
prior to the intervention.
Definitions of Key Terms
Basic Mathematics Facts
A basic fact involves computation in one of the four basic operations of addition,
subtraction, multiplication, and division using single digits. Stein et al. (2018) define 390
basic mathematics facts. One hundred basic addition facts involve number combinations
where each addend is a single-digit whole number (i.e., 0-9). One hundred subtraction
facts involve number combinations where the subtrahend and the difference are singledigit whole numbers (i.e., 0-9). Subtrahend is the amount subtracted from the minuend to
get the difference, such as in 7 - 4 = 3, 4 is the subtrahend, 7 is the minuend, and 3 is the
difference. One hundred multiplication facts involve number combinations in which each
of the factors is a single-digit whole number (i.e., 0-9). Ninety basic division facts are
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number combinations where the divisor and the quotient are single-digit whole numbers
(i.e., 0-9), noting that division by 0 is undefined.
Conceptual Understanding
Conceptual understanding refers to developing the meaning of mathematical
concepts and recognizing the relation between concepts, numbers, and specific
procedures to solve problems. Also, conceptual understanding may help one to view facts
as a whole rather than as isolated items (NRC, 2001). That is, conceptual understanding
may aid students in seeing the connection between concept and procedure that promotes
understanding of the relationship between related facts.
Drill and Practice
Drill and practice is an activity that uses repetitive practice to promote fluency or
automatic retrieval of specific skills, such as arithmetic facts, sight words, vocabulary
words, and spelling words.
Fluency
Fluency refers to the student’s performance in recalling facts from memory
accurately (i.e., correct response) and rapidly. In this study, a fluent response refers to the
student answering correctly within 2 s.
Incremental Rehearsal
Incremental rehearsal is an empirically validated rehearsal strategy using
flashcards. It uses a less challenging ratio interspersing a high percentage of known facts
with very few unknown items and sequentially increasing the spacing between the
unknown fact (Tucker, 1989).
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Known and Unknown Facts
When presented one at a time, a fact that a student can retrieve accurately and
rapidly within 2 s is considered to be a known fact. A fact that a student is not able to
retrieve accurately or retrieves accurately but takes longer than 2 s to respond is
considered to be an unknown fact for the purpose of this study.
Mathematics Difficulties
MD refers both to students who have a formal diagnosis of learning disabilities in
mathematics, performing at or below the 11th percentile in mathematics and students who
are low achieving, performing at or below the 25th in mathematics (Powell et al., 2013).
Mathematics Proficiency
Mathematics proficiency is the ability to gain an understanding of mathematics
concepts, to use procedural knowledge to execute procedures skillfully, and to apply the
mathematical knowledge efficiently for choosing appropriate strategies to solve
mathematical problems (NMAP, 2008).
Procedural Fluency
Procedural fluency is the skill to accurately, efficiently, and use appropriately a
set of steps to solve mathematical problems (NRC, 2001).
Strategic Competence
Strategic competence is the ability to promote higher order thinking skills by
using knowledge gained to formulate, represent, and solve problems. Strategically
competent students should be aware of different strategies and have the skills to choose
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the appropriate strategy to solve a particular problem, including nonroutine problems
(NRC, 2001).
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CHAPTER TWO
REVIEW OF LITERATURE
The purpose of this chapter is to explore the literature pertaining to the study in
building mathematics fact fluency among elementary students with mathematics
difficulties (MD) using incremental rehearsal strategy (IR). More specifically, this
literature review consists of five studies that focused on the use of incremental rehearsal
to improve basic mathematics fact fluency for students in grades three through seven. The
previous review of literature, the purpose of the review and research questions, the
methods used to conduct the review followed by an analysis of the studies using quality
indicators and reporting of findings with a focus on settings, participants, intervention
agent and procedures, implementation fidelity, internal validity, outcome measures, and
data are described. Finally, the discussion, implications for practice, future research, and
conclusions also are highlighted.
Previous Reviews of Literature
Incremental rehearsal has a strong research base. A previous meta-analytic review
(i.e., Burns et al., 2012) was conducted to examine the effectiveness and efficiency of
interventions using IR and to compare effect sizes computed from single-case research
design and group design studies that included studies to promote academic and
behavioral variables (e.g., early literacy, reading, writing, mathematics, foreign language,
on-task behavior). The findings from the meta-analysis review revealed that the use of IR
in the intervention was effective in improving the fluency across different stimuli taught,
including basic facts and for all students, including students with disabilities. Although
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there are many studies that have examined the effectiveness of the IR technique in varied
academic areas, including mathematics, there is no systematic review, specifically in the
area of mathematics that addressed fluency of basic mathematics facts using IR.
Moreover, systematically combining individual research study findings is crucial to
summarize and interpret the overall effectiveness of the strategy or intervention to guide
practitioners in implementing it (Kavale & Forness, 2000).
Purpose of the Review and Research Questions
The purpose of the current review is to synthesize findings from single-case
research design and group design studies that use IR in mathematics to contribute to the
existing limited literature in the area of mathematics in three ways. First, the review
examines the effectiveness and efficiency of using IR strategy in building mathematics
fact fluency for students with MD. Second, the review determines the essential features
that contribute to the effectiveness of IR in building mathematics fact fluency. Third, the
review examines whether the studies reviewed are methodologically sound for
considering IR as an evidence-based practice in mathematics using the Council for
Exceptional Children (CEC, 2014) quality indicators (QIs).
Studies are evaluated using CEC QIs to identify methodologically sound studies
for the following reasons. First, despite research on the effectiveness of IR in
mathematics for students with disabilities (Burns et al., 2012), there are few studies using
IR available in mathematics. The use of quality indicators will give insight on
methodologically sound studies conducted to date so that researchers in the field of
special education can have confidence in the evidence base of IR. Second, the review
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may prompt researchers to investigate further the use of IR strategy in mathematics that
promote mathematics fact fluency for students with disabilities, and to conduct highquality studies using IR in mathematics. Third, researchers may replicate robust designs
to extend original research findings (i.e., systematic replication; Kennedy, 2005).
Systematic replication can be done to examine the effect of IR on fact fluency by
changing some experimental aspects, such as dependent variables, independent variables,
or participant population (Kennedy, 2005). Finally, the replication will help researchers
to not only reproduce the results of methodologically sound studies but also understand
how the variations of IR can change the effect on basic fact fluency. The following
research questions are addressed in this review.
1. What is the effectiveness and efficiency of IR when compared to other drill
models in building basic fact fluency of students with MD?
2. What are the essential features that contribute to the effectiveness of IR in
building mathematics fact fluency?
3. Are the studies in the review methodologically sound to consider IR as an
evidence-based practice in mathematics?
Method for Literature Search
Literature Search and Selection Procedures
A comprehensive systematic search was conducted following Preferred Reporting
Items for Systematic Reviews and Meta-Analyses (PRISMA; Liberati et al., 2009) to
locate all relevant research studies that included the use of IR strategy in building basic
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fact fluency among students with MD. The following steps were used to identify studies,
including an electronic search, hand search, ancestral review, and forward search.
Electronic Search
First, an electronic search was completed using the following electronic databases:
Academic Search Complete, Academic Search Premier, Education full-text
H.W.Wilson), Education Research Complete, ERIC, PsycARTICLES, PsycINFO.
Parameters of the search included peer-reviewed articles without including any range of
years. No limitation was set on the year of publication because the author wanted to
include all potential studies and did not want to overlook any seminal work that impacted
the development of IR. Moreover, there were only limited studies that investigated the
use of IR strategy in mathematics. Search terms and combinations included “incremental
rehearsal” OR “expand* practice” OR “expand* rehearsal” OR “expand* retrieval”
OR “spacing effect” OR “space* learning” OR “space* practice” OR “spacing” OR
“distributed practice” OR “spaced rehearsal” OR “spaced repetition” OR “spaced
retrieval” OR “distribut* retrieval” OR “distribut* learning” OR “repetition spacing”
OR “repetition scheduling” OR “gradual intervals” OR “drill” (AND) “math* fact*”
OR “number combination*” OR “arithmet* combinat*” OR “subtraction fact*” OR
“addition fact*” OR “multiplication fact*” OR “division fact*” OR “fluency” OR
automatici*
Hand Search
Next, a hand search was also completed on three journals, which published the
most articles that were located through the electronic search, including the Journal of
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Behavioral Education, Journal of School Psychology, School Psychology Review. The
hand search revealed no additional study that met the inclusion criteria.
Ancestral Review
Ancestral reviews were conducted with articles referenced in literature reviews as
well as the reference sections of all articles that met the criteria for inclusion of this
review. No additional articles meeting inclusion criteria were located.
Forward search
Finally, a forward search was conducted by entering studies that met inclusion
criteria into the Web of Science database to locate other relevant works that cited each of
the accepted articles. No additional research articles were found to consider for inclusion.
Inclusion Criteria
The following criteria guided the selection of the studies. They include, (a) drill
and practice intervention that used incremental rehearsal strategy as an independent
variable, (b) building fluency or retention of basic mathematics facts as a dependent
variable, (c) participants nominated by teachers, or identified by the district as students
with MD (i.e., having an individualized education plan in mathematics or performing
below average in mathematics), or students who required fluency interventions to
improve on accurate and quick retrieval of basic mathematics facts, (d) single-case
research design studies from which causality was inferred, or group comparison studies,
and (e) studies published in peer-reviewed journals. See Figure 1 for details of search
results.

42

Figure 1
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•
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•
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(n =36)

Studies included in Review
(n =5)
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Records excluded
(n =32)
Did not primarily focus
on academics,
incremental rehearsal,
Not research studies

Full-text articles excluded, with
reasons
(n =31)
Fluency studies did not focus on
number combinations but other
academic areas (29 studies).
Participants did not have
learning needs (1 study).
Did not meet the operational
definition of fluency (1 study).

Dissertations assessed and
excluded
(n = 13)
Did not meet inclusion criteria

Exclusion Criteria
The initial search extracted a total of 169 studies from 1985-2019. After
duplicates were removed, the titles and abstracts were carefully reviewed. Studies were
excluded because (a) the study focus was not on academics, (b) interventions did not use
incremental rehearsal techniques, (c) studies were not research studies, and (e) studies did
not target basic mathematics fact fluency but focused on reading fluency. In some cases,
when it was difficult to consider inclusion from titles and abstracts, the work was
reviewed in greater detail to decide if they met inclusion criteria.
Originally, the pool of studies resulted in seven research studies. However, two
studies were excluded after a detailed review. The author excluded Rea and Modigliani
(1985), and Zaslofsky et al. (2016) studies for the following reasons. In Rea and
Modigliani (1985) study, though an expanded practice was used to build the fluency of
mathematics facts, the latency period (i.e., the time between the onset of a stimulus and
occurrence of response) for retrieval of known and unknown item was > 3 s, which did
not meet the operational definition of fluency defined in this review. Zaslofsky et al.
(2016) used IR to build fluency of two-digit multiplication facts compared to single-digit
mathematics facts, which is one of the inclusion criteria for this review, and the study did
not support evidence that the participants included in the study had learning difficulties.
Finally, following the above criteria, the search resulted in a total of five research studies
(i.e., three single-case research design studies and two group design studies). Provided
that a limited number of studies were extracted, additional search using the above terms
were used to identify any published or unpublished dissertations that focused on using IR
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to improve basic mathematics skills. The search yielded a total of 13 unpublished
dissertations and no published dissertations. However, none of the dissertations met the
inclusion criteria noted above.
The systematic search resulted in a limited number of studies (n = 5), and the
inclusion of IR studies in the area of reading would have contributed to the review on the
effectiveness and efficiency of IR strategy in general. However, the author did not
include studies that used IR technique in reading, because the primary purpose of the
review was to examine the effectiveness of IR strategy in improving the fluency of basic
mathematics skills. Specifically, the author wanted to investigate basic mathematics fact
fluency for students with MD, owing to the limited literature in the field of mathematics
for students with MD.
Quality Indicators
Following guidelines outlined by Cook and colleagues (2015), the five research
studies that met inclusion criteria were evaluated to determine the methodological rigor
of each included study. The Council for Exceptional Children (CEC, 2014) QIs were
used to analyze the studies because the studies met the criteria set forth by Cook et al.
(2015). They include, (a) studies that examined the practice (i.e., IR strategy) on student
outcomes (i.e., mathematics performance); (b) practices (i.e., IR strategy) that were
specific to the targeted outcome (i.e., mathematics fact fluency), and targeted population
(i.e., students with mathematics difficulties); and (c) studies that utilized group
comparison studies or single-case design studies from which causality can be inferred.
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According to the CEC (2014) standards, methodologically sound studies must
meet all of the QIs (i.e., 24 for group designs and 22 for single-case research designs)
specified for their relevant research designs. There is a total of 28 QIs, including 18 QIs
pertinent to both single-case and group design studies, six QIs relevant to only group
design studies, and four QIs applicable to only single-case research design studies.
Data Collection and Analysis
Coding Procedures
The QIs were operationalized, and a coding form was developed to record
information contained in each study regarding participants, setting, design features,
quality indicators, and outcomes. The following items were used in the collection of the
data, including sample size, student type, grade of participants, gender, race, IQ,
eligibility criteria for MD, placement setting, treatment setting, and treatment group size.
Other items coded included research design, dependent variable, treatment focus, the
ratio of known to unknown items, and latency period. Additional items also focused on
the intervention length and time per session, type of interventionist, social validity,
reliability, fidelity procedure, significant differences, group means, effect size,
maintenance, and generalization. The coding was done by the author.
Description of Studies
The five studies that were systematically reviewed include Burns (2005), Codding
et al. (2010), Burns et al. (2016), McVancel et al. (2018), and Burns et al. (2019). The
study characteristics of participants included in the review are summarized in Table 1.
Previous research suggested IR effectiveness in early literacy, reading, writing, and
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foreign language, but there was no research examining the effectiveness of IR in
mathematics. As a result, Burns (2005) conducted a study using a multiple baseline
design across participants to investigate the effectiveness of IR to increase fluency of
basic multiplication facts. The participants were three third-grade students who had a
formal diagnosis of mathematics learning disabilities. Students were individually
administered IR using a ratio of one unknown to nine known facts. Fluency was
monitored using curriculum-based measurement probes, and the number of digits correct
per minute was recorded and graphed. The results revealed IR as an effective intervention
for increasing fluency of multiplication facts for these three third-grade children.
In 2010, Codding and her colleagues replicated and extended Burns (2005) study
using a multiple-probe multiple baseline design across three problem sets and examined
the effectiveness of IR in improving the multiplication facts. The participant was a
seventh-grade student who did not have a formal diagnosis of disabilities but had
difficulty in basic multiplication facts. Additionally, Codding et al. examined the
maintenance of performance over time and generalization effect because Burns (2005)
did not collect data on maintenance and generalization of skills. Students were
individually administered IR using a ratio of one unknown to nine known facts. Fluency
was monitored using curriculum-based measurement probes. The number of digits
correct per minute, and the percentage of digits correct on problems were recorded and
graphed. The findings were consistent with Burns (2005) and supported the use of IR to
increase performance on multiplication fluency. Also, the performance was maintained
over time and generalization across similar stimuli.
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Table 1

Study Characteristics of Participants Using Incremental Rehearsal Strategy
Study

Participant
N; grade

Intervention Sessions;
Setting;
Interventionist

Disability or atrisk status

Dependent
Variable

Research
Design

Results; ES

LD in
mathematics

Independent
Variable; latency;
ratio K:UK; items
rehearsed/session
IR; 2 s; 9:1; 3-6
items

Burns
(2005)

n = 3; 3rd
grade

Twice weekly/10-15
mins per session; Sped
classroom; Researcher

Multiplication
combinations (09); DCPM

Multiplebaseline
design

FR established
Median ES

Burns et al.
(2019)

n = 29; 3rd &
4th grade

One session/3 days;
Outside classroom;
Researcher

Low achievers
<25th percentile

IR; 2 s; 8:1; 5
items

Multiplication
combinations
(6,7,8,9,12);

Randomized
within group
design
(ANOVA)

n = 55; 3rd &
4th grade

2 weeks, 1day
intervention following
day assessment;
Outside classroom;
Researcher

IR; 2 s; 8:1;
intervention set
sizes-2 UK, 8 UK,
and based on AR

Multiplication
combinations
(6,7,8); DCPM, %
of digits correct

One-way
ANCOVA

n = 1; 7th
grade

Twice weekly/12
weeks; Outside
classroom; Researcher

60% partially
met/did not
meet
standardized
math skills
assessment
At-risk

IR more effective
than TD in retaining
multiplication facts.
Both are equally
efficient; large ES,
η2 = 0.71
AR>2UK>8UK;
large ES,
η2 = 0.25

Burns et al.
(2016)

Codding et
al. (2010)

IR; 2 s; 9:1; 6
items

Multiplication
MultipleFR established
combinations (0baseline probe
12); DCPM, % of design
digits correct &
total digits correct
on GOM
McVancel
n = 3; 5th
Twice weekly/8
Non-categorical IR; 2 s; 9:1; NR
Multiplication
AB design
FR established
et al.
grade
weeks; Outside
disability
combinations (0Large ES, 1.4–4.2
(2018)
classroom; Researcher
9); DCPM growth
& school psychologist
rate-examining
slope
Note. IR = incremental rehearsal; DCPM = digits correct per minute; LD = learning disabilities; GOM = general outcome measure; FR = functional
relationship; OTR = opportunities to respond; Ratio = K(known):UK(unknown); AR = acquisition rate, ES = effect size; Sped = special education; NR =
not reported; TD = traditional drill.
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Burns et al. (2016) used a between-subject group design to determine the
intervention set size that includes a set of two unknown items, a set of eight unknown
items, and a set based on acquisition rate (i.e., the number of unknown items a student
can rehearse and then recall later in one intervention session), that would increase the
effectiveness and efficiency of IR in improving basic multiplication fact fluency. The
participants were 55 third- and fourth-grade students who were randomly assigned to the
different sets. Students were individually administered IR using a ratio of one unknown
to eight known facts. The percentage of unknown facts retained in each condition was
recorded through next day retention assessment, where unknown facts rehearsed the
previous day were presented for 2 s and counted as retained if the participant stated it
correctly within the 2 s. Efficiency data was collected by timing each intervention
session. Students in the acquisition rate set retained the highest percentage of facts.
Findings suggested that the acquisition rate set was the more efficient condition
compared to the other two sets.
McVancel et al. (2018) conducted an AB design study to investigate the
effectiveness of IR in improving multiplication fact fluency with a specific focus on
growth rate. The participants were three fifth-grade students with mathematics learning
disabilities. Students were individually administered IR using a ratio of one unknown to
nine known facts. Consistent with Burns (2005) and Codding et al. (2010) studies, CBM
probes were used in this study, and digits correct per minute were recorded and graphed.
The findings revealed that IR produced growth rates significantly greater compared to
pre-intervention scores.
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Burns et al. (2019) used a within-group design to compare the effects of IR and
traditional drill on retention of multiplication facts and to predict the effect of
intervention with the memory of 29 third- and fourth-grade students who did not have a
formal diagnosis of disabilities but had low mathematical skills. Intervention using IR
was administered one-on-one using a ratio of one unknown to eight known facts. To test
retention, the unknown facts rehearsed the previous day were presented for 2 s and
counted as retained if the participant answered it correctly within the 2 s. Efficiency data
was collected by timing each intervention session. The number of multiplication facts
retained, and the number of multiplication facts retained per instructional minute was
recorded. The findings suggested that IR was more effective than traditional drill in
helping students retain multiplication facts, and both the interventions were found to be
equally efficient. Moreover, the findings revealed that IR was effective regardless of the
student’s memory skills.
Major Findings
Analyses of Studies According to Quality Indicators
The five identified studies were analyzed using the CEC (2014) QIs, and study
characteristics are reported below. Whether the QI is met or not is based on what is
explicitly stated in the studies or through inference made using other related information
reported in the studies. A description of the CEC (2014) QIs are provided in Table 2, and
an analysis of the three single-case research design studies and two group design studies
using the eight CEC QIs are provided in Table 3.
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Table 2
Description of CEC (Cook et al., 2015) Quality Indicators
Quality Indicator

Description of Indicator Element

1. Context and setting
2. Participants

1. Describes critical features of the context or setting (school or classroom).
1. Describes participants demographics.

B
B

2. Describes disability or risk status and method for determining status.

B

1. Describes role of the intervention agent, and background when relevant to review.

B

2. Describes agents training or qualifications.

B

1. Describes detailed intervention procedures and agents actions or cites accessible sources for that
information

B

2. Describes, when relevant, study materials described or cites accessible source.

B

1. Assesses reports implementation fidelity related to adherence with direct, reliable measures.

B

2. Assesses and reports implementation fidelity related to dosage or exposure with direct, reliable
measures.

B

3. Assesses and reports implementation fidelity (adherence/dosage) throughout intervention and by
unit of analysis.

B

1. Researcher controls and systematically manipulates independent variable.
2. Describes baseline or control conditions.

B
B

3. During baseline or control conditions, participants have no/extremely limited access to intervention.

B

4. Assignment to groups: (a) random; (b) non-random but matched; (c) non-random but techniques
used to detect differences and, if any, controlled for differences; (d) nonrandom using cutoff point.

G

3. Intervention agents
4. Description of practice

5. Implementation
fidelity

6. Internal validity

Design
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Table 2 (Continued)
Quality Indicator

7. Outcome measures/

Description of Indicator Element

Design

5. Provides ≥ 3 demonstrations of experimental effect at 3 time points

S

6. Baseline phase has at ≥ 3 data points that establish a predictable pattern (except in certain cases).

S

7. Controls for common threats to internal validity.

S

8. Attrition is low across groups.

G

9. Attrition is low between groups.

G

1. Outcomes are socially important.

B

2. Defines and describes measurement of dependent variables.

B

3. Reports effects of intervention on all measures.

B

4. Appropriate frequency and timing of outcome measures.

B

5. Provides evidence of adequate internal reliability.

B

6. Provides evidence of adequate validity.

G

1. Techniques are appropriate for detecting change in performance

G

2. Single subject graph clearly presents outcome data for unit of analysis to determine effect

S

3. Reports appropriate effect size statistic(s) or provides data to calculate the effect size.

G

dependent variables

8. Data analysis

Note. B = both group and single design studies; G = group design studies only; S = single subject studies only.
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Table 3
Analyses of Studies Using CEC Quality Indicators (QIs)
Quality Indicators

Burns
(2005)
1

Codding et
al. (2010)
1

Burns et al.
(2016)
1

McVancel et
al. (2018)
1

Burns et al.
(2019)
1

QIs
met (%)
5/5 (100%)

2.1 Participant demographics

1

1

1

1

1

5/5 (100%)

2.2 Disability or risk status

1

1

1

1

1

5/5 (100%)

3.1 Role of intervention agent

1

1

1

1

1

5/5 (100%)

3.2 Training or qualification

1

1

1

1

1

5/5 (100%)

4.1 Intervention procedures

1

1

1

1

1

5/5 (100%)

4.2 Materials

1

1

1

1

1

5/5 (100%)

5.1 Adherence

1

1

1

1

1

5/5 (100%)

5.2 Dosage

1

1

1

1

1

5/5 (100%)

5.3 Frequency of implementation fidelity

1

1

1

1

1

5/5 (100%)

6.1 Researcher control

1

1

1

1

1

5/5 (100%)

6.2 Description of Baseline/Control condition

1

1

1

1

1

5/5 (100%)

6.3 No treatment during baseline

1

1

1

1

1

5/5 (100%)

N/A

N/A

1

N/A

1

2/2 (100%)

6.5 > 3 demonstrations of experimental effect

1

1

N/A

1

N/A

3/3 (100%)

6.6 Three baseline datapoints

1

1

N/A

1

N/A

3/3 (100%)

1.1 Critical features

6.4 Group assignment
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Quality Indicators

Burns
(2005)
1

Codding et
al. (2010)
1

Burns et al.
(2016)
N/A

McVancel et
al. (2018)
0

Burns et al.
(2019)
N/A

QIs
met (%)
2/3 (67%)

6.8 Low overall attrition

N/A

N/A

1

N/A

1

2/2 (100%)

6.9 Low differential attrition

N/A

N/A

1

N/A

1

2/2 (100%)

7.1 Social outcomes

0

0

0

1

0

1/5 (20%)

7.2 Description of dependent variables

1

1

1

1

1

5/5 (100%)

7.3 Effects of the intervention

1

1

1

1

1

5/5 (100%)

7.4 Frequency of outcome measures

1

1

1

1

1

5/5 (100%)

7.5 Evidence of reliability

1

1

1

1

1

5/5 (100%)

7.6 Evidence of validity

N/A

N/A

1

N/A

1

2/2 (100%)

8.1 Data analysis techniques

N/A

N/A

1

N/A

1

2/2 (100%)

1

1

N/A

1

N/A

3/3 (100%)

N/A

N/A

1

N/A

1

2/2 (100%)

21/22 (96%)

21/22 (96%)

23/24 (96%)

21/22 (96%)

23/24 (96%)

6.7 Controls threat to validity

8.2 Single-subject graph
8.3 Effect size
Total QIs met (%)

Note. Each indicator met were scored as 1 and not met as 0. Boldface indicates all the studies met that indicator.
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Context and Setting (QI-1)
All five (100%) studies provided sufficient information regarding the critical
features of the context or setting. The studies were conducted across a variety of settings.
Four (80%) studies were conducted outside their classrooms (e.g., hallway, library), and
one (20%) study was conducted in the corner of a special education resource classroom
with no other students in the vicinity.
Participants (QI-2)
All five (100%) studies provided adequate information regarding participants (QI2). The criteria were considered met if the authors provided sufficient information to
identify the population of participants, described the demographics relevant to the review,
and described the disability or risk status of the participants. Two studies (i.e., Burn, 2005
& McVancel et al., 2018) reported the determination of disability status for mathematics
learning disabilities and non-categorical eligible individuals explicitly using the IQachievement discrepancy model and response to intervention model respectively. Burns
et al. (2019) explicitly reported the at-risk status of participants (i.e., <25th percentile).
However, for Burns et al. (2016) and Codding et al. (2010), the at-risk status of
participants had to be inferred based on the statement referral to the support team and
60% of students partially or not meeting expectations on standardized mathematics skills
assessment respectively.
Of the 91 students included in the studies, 44 (48%) were males, and 47 (52%)
were females. Four (80%) of the studies reported the race of the participants.
Predominantly the participants were Caucasian, followed by African Americans and a
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few Hispanic. The grade range of students (99%) in four studies was third to fifth grade,
and the student (1%) in one study was in seventh grade.
Intervention Agent (QI-3)
This quality indicator was considered met if the studies provided sufficient
information regarding the role of the intervention agent and described specific training or
qualifications required to implement the intervention. All five (100%) studies met this
indicator. The researchers in all five studies performed the intervention, and additionally,
in one study (McVancel et al., 2018), the data was collected by a school psychologist.
Across all studies, professional background information of interventionist and description
of specific training was reported. The training sessions approximately ranged from 30
mins to 2 hours.
Intervention Procedures (QI-4)
All five (100%) of the studies provided sufficient information describing (a)
intervention procedures, (b) intervention agents action, and (c) materials provided.
Standard IR procedures were described in detail according to the steps outlined by Burns
(2005). The materials used in the intervention were flashcards (i.e., 3 in. by 5 in. or 5 in.
by 7 in. index cards) with each multiplication combinations written in black ink with no
answers. A stopwatch was used (as needed) to time the sessions to determine intervention
efficiency or to administer the probes. All studies reported that the intervention was
implemented one-on-one. The intervention in the three single-case research design
studies (e.g., Burns, 2005; Codding et al., 2010; McVancel et al., 2018) was performed
twice weekly for approximately 8 to 15 weeks on an average of 15 min per session. Each
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intervention condition in the two group design studies (Burns et al., 2016 & Burns et al.,
2019) was performed for one day followed by the next day assessment, to assess for
retention of unknown facts. However, the intervention for each condition (e.g., based on
set size or intervention type) was implemented on different days.
Before the intervention, all multiplication facts were presented and, the known
and unknown multiplication facts were identified for each student based on the student’s
response to the facts presented for 2 s. The multiplication facts were then randomly
chosen for implementation. The first unknown was always modeled to the students, and
as recommended by Burns (2001), the rehearsal was discontinued when three errors
occurred when rehearsing an unknown multiplication fact. The ratio of unknown and
known multiplication facts rehearsed during each implementation session using IR were
1:9 (e.g., Burns, 2005; Codding et al., 2010; McVancel et al., 2018) or 1:8 (e.g., Burns et
al., 2016 & Burns et al., 2019). The number of unknown multiplication facts rehearsed
during each session across studies varied. Codding et al. (2010) used six unknown facts,
Burns (2005) used three to six unknown facts, and Burns et al. (2019) used five unknown
facts for rehearsal in each session. In Burns et al. (2016), the number of unknown items
rehearsed varied depending on the intervention set size (i.e., two or eight), or acquisition
rate (i.e., the number of multiplication facts a student can rehearse and then later recall
per session). The McVancel et al. (2018) study did not report the number of unknown
items rehearsed in each session.
Implementation Fidelity (QI-5)
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Data on fidelity were reported in all five (100%) studies. To meet these criteria,
studies need to assess and report implementation fidelity that is (a) related to adherence
using direct, reliable measures; (b) related to dosage or exposure using direct, reliable
measures; and (c) regularly reported throughout the implementation of the intervention.
Fidelity measures included adherence to (a) steps for implementing IR, (b) steps for
administering the dependent variable, and (c) the use of appropriate materials. Fidelity
was calculated by dividing the number of steps that the implementer completed correctly
by the total number of steps listed for the procedure, then multiplying by 100. The
fidelity range across studies was 94%–100%. The most common form of fidelity was
direct observation using itemized checklists (e.g., 7, 8, or 16 items checklist). Across
studies, the implementation fidelity assessed by the observer ranged from 20%–43%
during sessions.
Internal Validity (QI-6)
Three (60%) of the studies adequately addressed internal validity. This indicator
was considered met if a) the independent variable was under the control of experimenter,
b) the study described baseline or control condition, c) sufficient evidence was provided
that the independent variable caused the change in the dependent variable, d) at least
three demonstrations of experimental effects at three different times are provided for
single-case research design, (e) all baseline included at least three data points for singlecase research design, (f) assignment to groups are described in group design, and (g)
controls for common threats to internal validity were explained. In all five (100%) of the
studies, the researcher controlled and manipulated the independent variable, and no
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treatment was evident during control or baseline condition. All five (100%) of the studies
described baseline or control conditions. Both (100%) of the group design studies
randomly assigned participants to groups. All three (100%) of the single-case research
design studies provided at least three demonstrations of experimental effects at three
different times and included at least three data points across all baseline phases.
All five (100%) studies used IR to improve the retention of multiplication facts.
Three (60%) of the studies (Burns, 2005; Codding et al., 2010; McVancel et al., 2018)
used single-case research design, and two (40%) of the studies (Burns et al., 2016; Burns
et al., 2019) used group design. Two of the single-case research design studies (Burns,
2005; Codding et al., 2010) used a multiple baseline/probe design (MBD), and one study
(McVancel et al., 2018) used AB design. Burns (2005) & McVancel et al. (2018) did not
meet this indicator. The AB design used in McVancel et al. (2018) did not address
common threats to internal validity and demonstrated experimental control (Cook et al.,
2015). Burns (2005) did not describe how the design was used to implement the
intervention. A visual analysis of the data in Burns (2005) revealed that the researcher
waited for a change in performance from baseline to treatment in the first tier before
introducing treatment to the second tier. However, the researcher did not sequentially
administer the treatment to the third tier. The treatment was introduced to the second and
third tier at the same time. Although the researcher may have had a rationale for
introducing the treatment to the third tier before a change in performance was evident in
the second tier, the same was not reported. Codding et al. (2010) study met the QI. This
study described that the treatment was sequentially introduced following baseline and
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demonstrated experimental control. Among the group design studies, although both
studies did not report the designs used, it was inferred that Burns et al. (2016) used
between-subject design and Burns et al. (2019) used within-group design. Both studies
described how randomization was employed in the study. Also, no attrition was evident
in both group design studies. Both group design studies met the QI-6.
Outcome Measures/Dependent Variables (QI-7)
One (20%) of the studies met the QI-7. The indicator was considered met if a)
outcomes were socially important, b) measurement of the dependent variables was
defined and described, c) effects of the intervention on all measures of the outcome were
reported, d) frequency and timing of the outcome measures were appropriate, (e)
evidence of adequate internal reliability, inter-observer reliability, and test-retest
reliability were provided, and (f) adequate evidence of validity was provided. All five
(100%) studies focused on improving accurate and quick recall of multiplication facts
and described the measurement of the dependent variable. Also, different outcome
measures were reported. They include (a) effectiveness of IR (i.e., the number or
percentage of multiplication facts retained), (b) efficiency of IR (i.e., number of
multiplication facts retained per instructional minute), (c) growth rate (i.e., pre-to-post
intervention digits correct/minute), and (d) digits correct per minute on fluency probes.
All five (100%) studies reported the effect of the intervention on all measures of the
outcome using graphed data for single-case research design studies and p levels for group
design studies.
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Outcome measures in all five studies demonstrated adequate psychometrics.
Reliability during data collection was calculated for all five (100%) studies. Interobserver
agreement was calculated by dividing the number of agreements by the number of
agreements plus disagreements, then multiplying by 100. The overall reliability range
across studies was 96.4%–100%. The interscorer reliability for the probes (digits correct
per minute) resulted in a score reliability coefficient of .99 for Burns (2005). For all five
studies, two observers were involved in reliability checks. Across all studies,
interobserver agreement was computed for 20%–50% of the sessions that include
interobserver agreement on scoring probes, recording student’s answers on retained
items, and assessing the acquisition rate by recording the point at which three errors
occurred. Social validity was reported by only one study (McVancel et al., 2018) using a
10-item, 6-point Likert type rating scale that was administered to a school psychologist
but not to students. Higher scores on the rating form indicated higher acceptability of
using IR in building multiplication fact fluency by the school psychologist. Also, the
frequency of outcome measures was appropriate in the three single-case research design
studies (Burns, 2005; Codding et al., 2010; McVancel et al., 2018). The three single-case
research design studies included at least three data points per phase to demonstrate the
possible experimental effect. Four (80%) studies that did not meet the QI-7 were Burns,
(2005), Burns et al. (2016), Burns et al. (2019) & Codding et al. (2010) because these
studies did not report social validity.
Data Analysis (QI-8)
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Given that three of the studies (Burns, 2005; Codding et al., 2010; McVancel et
al., 2018) utilized a single-case research design, the authors were required to provide
graphs of relevant outcome data for all phases to allow visual analysis about experimental
control. All five (100%) single-case research design studies met the data analysis criteria.
The effectiveness of using IR was evident in all the single-case research design studies.
Burns (2005) reported median effect size. McVancel et al. (2018) calculated effect size
using a percentage of data point exceeding the median of the baseline phase (PEM) and
also used Cohen’s d to calculate the effect size (i.e., the range for d = 1.4-4.7; for PEM =
1.0). The effect size reported in McVancel et al. (2018) indicated that a change between
phases was evident and, change in the outcome measure was greater. Codding et al.
(2010) did not report effect size. However, the author reported that the participant
retained all 30 multiplication facts during the last three sessions, and the introduction of
IR resulted in an immediate increase in level for problem sets A and B but gradual
increase for problem set C. Also, the performance was maintained for the two problems
sets A and B.
Burns et al. (2016) reported the effect the set size had on retention of
multiplication facts. The participants retained more multiplication facts in the AR set
compared to a set of two multiplication facts or eight multiplication facts taught. The
result was statistically significant (p < .017), and the effect size was large (η2 = .25),
which indicated that there was a significant difference across set sizes on the number of
multiplication facts retained. A partial η2 was computed to calculate the effect size, and a
value of .14 or higher was considered to be large. However, there was no significant
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difference (p = .47) between the number of multiplication facts retained in two
multiplication facts taught or eight multiplication facts taught. Also, there was a
significant difference across set sizes when comparing the number of multiplication facts
retained per instructional time, and the effect size (η2 = .17) was large. However, there
was no significant difference in efficiency between the AR set and two multiplication
facts set (p = .048) or between two multiplication facts set and eight multiplication facts
set (p = .41). According to the CEC standards, although the studies reviewed did not meet
all of the quality indicators, all the studies included in the review demonstrated improved
retention of multiplication fact fluency.
Discussion
Fluency in basic mathematics facts is foundational for developing mathematics
proficiency (NMAP, 2008), and the use of IR to improve fluency has been validated
across grades, student groups, and academic areas. This review synthesized findings of
five studies that used IR for improving mathematics fact fluency. The interpretation of
the findings addressed the research questions on the effectiveness and efficiency of IR
across conditions, features of IR that contributed to the intervention effectiveness, and
identification of methodologically sound studies. In general, the findings from this
synthesis suggested that the use of IR was effective and efficient in building fluency of
mathematics facts for students with MD when compared to the traditional drill format
which was consistent with the findings of the meta-analytic review conducted by Burns et
al. (2012). Several features appeared to contribute to the effectiveness of IR, such as the
optimal level of challenge or using a small number of unknown items for rehearsing,
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multiple opportunities to practice the same unknown item, and introducing a high
percentage of known items to the unknown item in increments. Thus, it is reasonable to
conclude that the effectiveness of IR was a result of the integration of all these features
that promoted the transfer of newly learned items from short-term to long-term memory
for effective and efficient retrieval.
Effectiveness and Efficiency of IR Across Conditions
The first research question addressed the effectiveness and efficiency of IR across
conditions. The review of the limited peer-reviewed studies indicated the effectiveness
(i.e., medium to large effect size) of the use of IR strategy in improving fluency in basic
mathematics facts, which is consistent with the meta-analytic review (Burns et al., 2012)
and previous research (e.g., Burns & Boice, 2009; DuBois et al., 2014; MacQuarrie et al.,
2002; Nist & Joseph, 2008) conducted using IR with other stimuli (e.g., letter sounds,
sight words, vocabulary, international language, spelling). The overall goal of all the
studies was to investigate the fluency of basic facts for students with MD using IR.
However, each of the studies extended their research to examine other outcome variables
such as generalization, growth rate, comparing the effectiveness or efficiency of IR to
variations of IR or to other drill models.
Incremental Rehearsal Compared to Another Drill Model
The use of IR to improve retention of mathematics facts resulted in large effect
size when compared to the traditional drill model, suggesting that more mathematics facts
were retained in IR than the traditional drill model. However, findings from the review
suggested that the traditional drill and IR were equally efficient in contrast to the majority
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of the earlier study findings in reading (Burns & Boice, 2009; Burns and Sterling-Turner,
2010; Joseph et al., 2012; MacQuarrie et al., 2002; Nist and Joseph, 2008) that reported
traditional drill was more efficient than IR. The findings investigating the efficiency of IR
may contribute to the growing literature of IR in mathematics, but the efficiency results
in the current review have to be reviewed with caution because the findings were from
only one study (Burns et al., 2019). Also, this finding demonstrated the need to replicate
high-quality studies comparing IR with the traditional drill in mathematics. These
replications may assist researchers in clarifying the mixed results obtained when
comparing the efficiency of IR with the traditional drill in reading and mathematics. As
suggested by Burns et al. (2012), the efficiency of IR needs further investigation.
Incremental Rehearsal Across Grade Levels
All of the studies in the synthesis investigated the effectiveness of IR using
multiplication facts, and four of the five studies were conducted with students in third,
fourth, or fifth grade. This findings is reasonable because the Common Core State
Standards (National Governors Association Center for Best Practices, 2010) require
students in third grade to be proficient in solving multiplication and division problems
and expect students in third, fourth, and fifth grade to be fluent in all the four operations
to solve problems.
Researchers often rely on the overall grade-level mathematics performance of
students in understanding their requirements or the present level of functioning when
designing a study. However, it is vital to collect and carefully analyze baseline or
preintervention data and assess student’s conceptual understanding to understand the
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student’s current level of performance before implementing treatment. Knowing the
student’s current level of performance would allow researchers to choose an appropriate
design, plan, conduct, and report high-quality studies that demonstrate experimental
control. For example, McVancel et al. (2018) used an AB design to examine the growth
rate in multiplication fact fluency from pre-intervention to post-intervention for three,
fifth-grade students with disabilities. The dependent measures used to get baseline data
were digits correct per minute using curriculum-based measurement probes in
mathematics. The baseline data for the first student showed an upward trend, and the
teacher reported progress (i.e., four consecutive data points above the aim line) using a
progress monitoring measure even before treatment began. Similarly, the baseline data
for the second and third students showed an upward trend, though not as steep as the first
student. Consequently, a stable baseline was not established before treatment was
introduced. The study design probably did not control for common threats to internal
validity because the upward trend in the baseline suggests the probability of an
extraneous factor responsible for the change in performance rather than the treatment.
However, interpretation of this finding has to be reviewed with caution because the
interpretation was based on the results of only one study (i.e., McVancel et al., 2018).
Furthermore, researchers planning intervention studies should give careful attention not
only to the overall general mathematics performance of students that align with the
grade-level standards but also to students’ prior knowledge of specific targeted skills
(e.g., unknown mathematics facts) before intervening to establish experimental control.
In all five studies reviewed, the unknown facts practiced during each session were
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presented before practice to confirm if they were unknown. However, none of the studies
reported whether a criterion for unknown items was established to consider participants
eligible for the study.
Features of Incremental Rehearsal
Optimal Level of Challenge with Few Unknown Items to Rehearse
One of the features of IR that contributed to its effectiveness was challenging
students at their optimal level by introducing a few unknown items that each student can
acquire and retain. Across studies reviewed, the number of unknown items rehearsed
were between three to six. Three of the studies used acquisition rate, which is the number
of items a student can acquire and retain within an instructional time, to decide on the
number of items to present to the students for rehearsing, and it ranged from three to six
unknown items. This finding suggested that intervention using IR should be tailored to
meet the individual needs of the students so that students are not presented with too many
or too few unknown items for rehearsal. For example, the findings from the Burns et al.
(2016) study that compared the effectiveness of the variations of IR (i.e., based on set
size) indicated that students retained better when they rehearsed unknown items matched
to their ability level (i.e., acquisition rate), when compared to rehearsing unknown items,
below their ability level (i.e., a set of two unknown items) or much above their ability
level (i.e., a set of eight unknown items). This result is consistent with previous research
findings (i.e., Burns, 2004; Haegele & Burns, 2015) using IR in reading.
Effectiveness of IR depends on providing an appropriate level of challenge that
utilizes teachers and students time effectively because time is an important factor in
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education. Time is spent ineffectively when students rehearse unknown items that are
more than what the student can retain and rehearsing fewer items when more items can
be rehearsed within the allotted time (Burns et al., 2016). Two of the studies used an
average of five unknown items to rehearse that was not based on the acquisition rate of
the students. However, the number of unknown items used in both studies were similar to
the number of items used in the other three studies reviewed, which were based on the
acquisition rate. The effectiveness of IR in retaining unknown facts was evident in all the
studies irrespective of whether the acquisition rate was used or not for the practice of
unknown items. To sum up, choosing unknown items for rehearsal based on a student’s
acquisition rate may be an effective way to challenge the students at their optimal level.
However, based on previous research, researchers and educators can still consider
introducing a limited number of unknown items (i.e., ranging from 3 to 6 unknown items)
to practice during each session to increase retention of mathematics facts without
assessing acquisition rate.
Expanded Practice with a High Percentage of Known Facts
The interspersing of the increased percentage of known items to unknown items
(i.e., less challenging ratio) allows for more opportunities to respond. Consequently, IR
promotes retention of more unknown items for future retrieval, increasing fluency, and
generalizing effect (Codding et al., 2010) that contributes to improved mathematics
proficiency. Moreover, the spacing strategy used due to the less challenging ratio
supports the transfer of newly learned mathematics facts from short-term memory to
long-term memory for automatic retrieval later when performing complex mathematics
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problems. Specifically, an intervention that uses the spacing strategy is beneficial for
students with MD because, as a result of working memory deficits, students with MD
may require repeated practice, with multiple opportunities to respond to retain and
retrieve basic mathematics facts. Thus, emphasizing that the relation between memory
and retention was based on the strategy used, and was supported by the findings from the
Burns et al. (2019) study that irrespective of memory deficits experienced by students
with learning disabilities, IR was effective in retaining mathematics facts. Also, the less
challenging ratio is socially important because students are encouraged to complete a task
that demands less effort. Skinner (2002) pointed out that when students are presented
with an assignment that has a mix of known and unknown items compared to only
unknown items, students show more confidence in their ability to execute that task.
Across the five studies reviewed, the ratio of unknown and known facts rehearsed
during each implementation session were 1:9 for three studies (e.g., Burns, 2005;
Codding et al., 2010; McVancel et al., 2018) and 1:8 for two studies (e.g., Burns et al.,
2016 & Burns et al., 2019). Although there is no consensus on the ratio of known and
unknown items, it appears that a more challenging ratio of known to unknown items (i.e.,
less than 50% of known facts) leads to acquisition while a less challenging ratio (i.e.,
greater than 50% of known facts) leads to better retention (MacQuarrie et al., 2002).
Also, the retention of unknown facts increased when a higher percentage of known facts
were interspersed with unknown items (i.e., greater than 85% of known facts; Burns &
Dean, 2005). Hence, research using other ratios of unknown to known facts such as 1:7 or
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1:6, where the percentage of known items are still high may be used to increase retention
of unknown items and maximize instructional efficiency.
To sum up, a definitive conclusion on what specific features contributed to the
effectiveness of IR cannot be drawn given the limited number of studies reviewed.
However, the review of the five published studies suggests that the integration of features
could have contributed to the increase in the effectiveness and efficiency of IR. Thus, a
treatment package that integrates several features of IR may be required to promote
fluency for increased effectiveness (Codding et al., 2011).
Methodological Rigor of Reviewed Studies
The third research question addressed whether the studies reviewed were
methodologically sound. None of the five studies reviewed met all the CEC (2014) QIs to
be considered as methodologically sound studies, but that does not invalidate the use of
IR as an effective drill and practice strategy to increase retention of basic mathematics
facts for students with MD. The limited number of studies located demonstrated the need
to conduct more high-quality research in the area of mathematics using IR. Hence, a
detailed discussion was provided of why some indicators were not met, how to meet the
indicators in future studies, including other indicators met. Also, the review described
whether the studies that did not meet certain indicators were due to a lack of reporting or
study quality.
Social Validity
Except for McVancel et al. (2018), all of the other studies did not meet the
indicator of social validity. Socially important outcomes are essential for all studies to be
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classified as having a positive effect (Cook et al., 2015). Social validity assessment
allows the study to examine the effectiveness of an intervention strategy, with regard to
how the strategy impacted the students and teachers, who benefited or implemented. The
preference or satisfaction of using IR strategy reported in the study can help gauge if IR
is effective or acceptable so that the perceptions can guide in modifying the strategy to
bridge the research to practice gap. Moreover, students are more likely to engage in a task
they prefer compared to a task that they are forced to work (Skinner, 2002), leading to
increased effectiveness of the strategy. Although assessing and reporting socially
important outcomes is one of the crucial indicators for considering a study to be
methodologically sound, there is a possibility that the authors may have assessed social
outcome measures but failed to report it. Future researchers can ensure that the social
validity in studies is assessed and reported so that the data would help understand how
the stakeholders perceived the intervention using IR that would further contribute to the
effectiveness of IR.
Study Design
Although all of the 22 QIs for a single-case research design study and 24 QIs for a
group design study are essential for studies to be considered as methodologically sound,
studies that had a strong design and demonstrated an experimental control provides
sufficient evidence that IR is a promising practice. The design used in the McVancel et
al. (2018) study did not address the QI on internal validity because the AB design used in
the study did not systematically control common threats to internal validity. As a result, it
is not possible to conclude whether the growth rate evident in the study is due to the use
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of IR or a result of other confounding variables such as maturation, history, or another
classroom intervention. Replication of this study with a strong design can contribute to
establishing whether the growth rate was due to IR. McVancel and his colleagues argue
that the AB design was employed because of the immediate need for intervention and
agrees that a multiple baseline design would have been more appropriate to establish an
experimental control. However, AB design, as used in this study, may pose a serious
threat to internal validity. Time constraint in an educational setting is understandable, so
researchers can consider proper prior planning and scheduling before implementing
studies that may help overcome some of these challenges. On the positive side, four of
the studies (Burns, 2005; Burns et al., 2019; Burns et al., 2016; & Codding et al., 2010) in
the review used designs that demonstrated experimental control (i.e., IR strategy
consistently led to the retention of basic mathematics facts).
Fidelity of Implementation
All five studies reported fidelity of IR implementation, and the fidelity range
across studies was 94%-100%, which suggested that the steps in the IR procedure were
carefully followed when implementing IR in all five studies. The step-by-step IR
procedure includes an evidence-based explicit instructional approach (e.g., modeling,
scaffolded instruction) when teaching the new facts followed by practice, which includes
other features of explicit instruction such as multiple opportunities to practice,
immediate, corrective feedback, etc. Results from high-quality studies show that students
with MD benefit positively from explicit instruction, especially in developing basic
mathematics skills (NMAP, 2008). Moreover, explicit mathematics instruction followed
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by routine practice supports the development of fluency in basic mathematics skills
(Fuchs et al., 2019). In brief, using an evidence-based instructional approach when
practicing facts and implementing IR procedures with fidelity are both essential for
students with MD to get the desired outcomes.
All of the studies reviewed adhered to all of the QIs except one. The studies
explicitly reported information on some indicators, while for other indicators, the author
had to infer based on the information available in the studies. For example, the student’s
eligibility status had to be inferred for two studies using the information provided by the
researchers because it was not explicitly reported. Researchers are encouraged to follow
the QI rubric and consider providing explicit information that would guide future
researchers in interpreting study results efficiently.
To sum up, the systematic review of the five studies in mathematics using IR
suggest that IR is an effective strategy that incorporates integrated features, such as
interspersing a high percentage of known facts to unknown facts in increments, providing
multiple opportunities to practice facts, and presenting a few unknown facts at a time to
increase retention and reduce frustration. Also, the review suggests for the dissemination
of more high-quality methodologically sound studies by adhering to QIs and explicitly
reporting the same. Given these points, IR is a promising strategy that can be used in
building the fact fluency among students with MD. Hence, researchers can consider
replicating and extending IR studies in mathematics and disseminating high-quality
studies to classify the use of IR in mathematics as an evidence-based practice.
Implications for Practice
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Students with MD experience difficulties in basic mathematics skills, specifically
developing fluency of basic facts that affect their overall mathematical performance.
Hence, early intervention in mathematics to build fluency is required not only to
remediate students with mathematics learning disabilities but also to prevent students atrisk (Fuchs et al., 2005). So, implications for practice for students with MD (i.e., students
at-risk and with mathematics disabilities) are discussed.
Generally speaking, the findings of the present synthesis supported by earlier
findings of Burns et al. (2012) meta-analytic review, suggest that IR strategy has a
positive effect in improving basic fact fluency. Although there is no consensus on the
ratio of known to unknown items used in IR (e.g., 9 known to one unknown or 8 known
to one unknown), a ratio that has a percentage of known items greater than 85% (Burns
and Dean, 2005) is beneficial in increasing the retention of mathematics facts. Also,
presenting a high percentage of known facts with one unknown in increments provides
several repetitions of the same unknown fact. This facilitates long-term retention and
makes practice potentially less overwhelming for the students because only one unknown
fact is presented at a time. Thus, teachers can individualize the intervention using IR and
increase instructional efficiency by considering a ratio that has known facts greater than
85% and introducing one unknown fact at a time during practice.
Specifically, students with MD who have working memory deficits may require
intensive one-on-one intervention using repeated and spaced practice with fewer
unknown items presented one at a time to reduce cognitive overload. Considering the
importance of individualized, intensive intervention for students with MD, teachers can
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consider using IR with struggling students who need intensive intervention. Moreover,
the interspersing of a higher percentage of known items in this intensive rehearsal
technique allows students who struggle with basic fact fluency to experience success
often, which increases student engagement, so students continue to remain on task while
also reducing anxiety when building basic skills.
Another salient finding that has implication for classroom instruction is that when
students are provided instruction on the number of unknown items, the student can
rehearse and later recall during one intervention session (i.e., instructional level), then the
effectiveness of the IR in increasing retention of basic facts is better. Especially for
students with MD, only small sets of unknown facts (i.e., three or four facts) should be
introduced at a time based on their cognitive capacity so that they can retrieve answers
from memory quickly and accurately to develop automaticity (Hasselbring, 1988).
Teachers can be encouraged to do a quick assessment of the student’s instructional level.
The assessment involves presenting unknown items to the student to rehearse till the
student provides three incorrect responses or responds after 2 s at three different times
when rehearing one new item (also see Burns, 2001). The number of items rehearsed
until then is the instructional level for that particular student. Teachers’ knowledge of the
student’s instructional level facilitates teachers to teach only a certain number of
unknown facts that students can retain. Also, teachers can use the students’ acquisition
rate to make effective instructional plans and set appropriate individualized education
program (IEP) goals for students with disabilities so that the IEP enables students to
make progress in light of their circumstances (Endrew F, 2017). On the other hand, due to
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logistic issues, if teachers prefer to proceed without assessing student’s instructional
level, a set of few unknown facts (i.e., 3 or 4 unknown items) per session can be used for
practice, based on evidence from previous research.
The findings from the review on the disadvantage of using weak designs when
conducting a study (e.g., McVancel et al., 2018) suggest that teachers should be
encouraged to do a preskill assessment before implementing intervention using IR for
struggling students. The preskill assessment would help to understand the strengths and
needs of the students, so intervention decisions can be made based on the student’s
present level of performance. Because individual students progress at different rates,
knowing the level at which the students begin helps gauge whether the ratio of known to
unknown or the number of unknown items introduced at a time needs to be varied to meet
the individual needs of the students. Teachers can use the fluency criteria, as suggested
by Deno and Mirkin (1977), to assess the level of performance of the students. For
example, for third-grade students, < 9 digits correct per minute is frustration level, 10 to
19 digits correct per minute is instructional level, and 20 digits correct per minute is
mastery level. Although IR helps students with both acquisition and fluency, it is
important to realize that students who are at the frustration level may progress slowly
when compared to students who are at the instructional level. For example, if a thirdgrade student began with an average baseline score of 6 digits correct per minute, that
student may not perform at the same rate when compared to a peer whose pretest average
baseline score was 15 digits correct per minute although both students received
intervention using IR strategy with the same treatment dosage. Hence, teachers should
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understand the individual differences among students and plan instruction and practice
routines accordingly. Additionally, assessment before administration of the intervention,
enable teachers to ensure that students have the conceptual understanding and procedural
fluency to use efficient strategies that build fact fluency.
Ultimately, the success of any intervention depends on evidence-based
approaches implemented with fidelity and frequent progress monitoring using brief
empirically validated formative assessments such as curriculum-based measurement
(CBM; Deno, 1985) that keeps track of student’s fluency level. The frequent assessment
enables teachers to check student’s progress and adjust instruction qualitatively and
quantitatively, as needed. Also, IR technique is practical, feasible, and can be quickly and
easily implemented in a general education classroom to provide supplementary
instruction or in a special education classroom to provide intensive, individualized
instruction, because of the simple flashcard technique used. These implications confirm
that IR can be used as an effective strategy in the classroom for a routine rehearsal of
basic mathematics facts.
Future Research
Cook et al. (2015) suggest that, although classifying the evidence base of
educational practices using CEC QIs helps identify studies that are high quality, it may
not be appropriate to require studies that were conducted before the CEC QIs were
developed to meet all QIs to determine the methodological rigor of studies. Hence, the
analyses of studies using the CEC QIs for studies conducted before the CEC (2014)
standards were developed (i.e., Burns, 2005 & Codding et al., 2010) need to be reviewed
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with caution. At the same time, studies such as McVancel et al.’s (2018) were conducted
after the dissemination of the QIs but did not provide evidence of a causal determination.
Therefore, researchers are encouraged to conduct high-quality studies following QIs
guidelines (e.g., Cook et al., 2015), so that future researchers and practitioners can have
certainty when interpreting the results of the studies.
All of the studies reviewed in this synthesis has focused on using IR in improving
retention, efficiency, or generalization of multiplication facts. However, no studies to
date have investigated the effect of the IR technique to increase fluency or retention of
addition, subtraction, or division facts. Moreover, there is a paucity of research
examining the effect of using IR in mathematics to build fluency when compared to
reading. Hence, more original studies or replication of methodologically sound studies in
the area of mathematics are warranted to add to the currently limited literature base.
Furthermore, owing to the fact that the same authors and their colleagues conduct the
majority of the current research utilizing IR in mathematics, future research by different
authors would contribute positively to the existing research base in mathematics.
Although four of the studies reviewed focused on introducing a few items (i.e., 3
to 6 unknown items) at a time to prevent the frustration that arises when too much
information is presented at the same time, none of the studies described how the
unknown items for practice were selected. One of the studies discussed the sequential
selection of computational facts and used a sequential way of developing probes. Another
study indicated a random selection of unknown items. However, none of the studies
described the process of systematic selection of facts for rehearsal. When related facts are
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selected for practice and introduced together, it helps students to see the counting
relationship between facts, and it helps to reduce the cognitive load of having to
remember each isolated fact (Hasselbring, 1998; NRC, 2001). Hence, a systematic and
planned method in selecting unknown items can be recommended in future studies rather
than randomly selecting unknown items.
Frequent repetition is an important aspect of rehearsing new items to increase
retention. However, the number of repetitions needed for long term retention needs
investigation. The general procedure of IR described in Burns (2005) was followed in all
five studies reviewed, but the studies did not describe whether the unknown facts
rehearsed in the previous sessions were used in the subsequent sessions to provide more
opportunities to practice the same set of unknown facts. Similarly, comparing the number
of repetitions of the same fact across sessions may be beneficial in determining the
comparative efficiency across practice sessions.
Provided that, four of the five studies in the current synthesis did not report social
validity, and knowing that students and teachers perception of IR would guide in
modifying the strategy to increase the effectiveness of IR, researchers should ensure to
add a subjective evaluation of stakeholders so that studies have socially important
outcomes that can contribute to the effectiveness of IR. Also, future studies should assess
the student’s current level of performance and conceptual understanding in mathematics
before conducting a study, so that high-quality studies with strong designs that establish
an experimental control can be disseminated, that might be helpful when interpreting the
results of a study.
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Conclusion
The positive effect of using IR as a drill-and-practice strategy to build basic fact
fluency evidenced through the current review, prior research, and previous meta-analytic
review (Burns et al., 2012) for elementary students with and without disabilities holds
promise for using IR strategy as an effective and efficient drill and practice of new items
for students with and without disabilities. Specifically, the salient features of IR that are
instrumental for IR effectiveness, such as using a small number of new items to rehearse,
expanded practice with a high percentage of known to unknown items, and one-on-one
administration further supports IR application can challenge students but yet at their
optimal instructional level. The intensive, individualized, and repeated practice used in IR
is the hallmark of an effective instructional practice used for students with disabilities,
which confirms that IR is appropriate for this population of students. However, IR
effectiveness for students without disabilities cannot be undermined.
The analysis and synthesis of the five studies included in this review provide
essential guidelines for identifying the gap in the literature and for building a rationale for
future studies focusing on IR in building mathematics fact fluency. First, a treatment
package that integrates some of the important features of IR, such as multiple
opportunities to respond, interspersing known with unknown, and introducing only a few
unknown items at a time is essential because it improves the retention of unknown facts.
Second, students’ level of fluency skills should be assessed before intervening to
demonstrate experimental control. Thus, having a criterion for unknown items when
screening would help identify eligible participants who really need fluency intervention.
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Third, choosing unknown facts in a planned and systematic manner for each practice
session building on student’s prior knowledge and introducing related facts can increase
the retention of newly learned facts. Fourth, because the frequent repetition of the
unknown item is essential to increase retention, unknown facts rehearsed in the previous
sessions can be used in the subsequent sessions to provide more opportunities to practice
the same set of unknown facts while following the IR procedure. Fifth, given that CBM
probes are reliable and valid measures of assessment and were used as the dependent
variable in three of the studies, CBM probes can be used in evaluating fact fluency gains.
Although CBM probes may show gains in fact fluency from pre- to post, the next day
retention assessment of unknown facts that was investigated in two studies can provide
additional data on the specific unknown facts rehearsed and recalled. Finally, time is a
constraint in an educational setting (Kennedy, 2005), and IR administration may require a
longer time (Burns et al., 2019) compared to other drill models (e.g., the traditional
model with 100% unknown). Thus, a ratio of 1:6 or 1:7 that uses a high percentage of
known items can be attempted to maximize instructional efficiency in the classroom.
Despite consistent findings of the effectiveness of IR in mathematics for students
with disabilities (Burns et al., 2012), few studies are available using IR to build basic
mathematics fact fluency. Provided that basic mathematics skills of approximately 6% of
school-age children with MD need to be addressed as well as owing to a limited research
base of IR in mathematics, the additional inquiry investigating the efficiency of IR seems
warranted. Moreover, the purpose of using the CEC (2014) QIs in this synthesis was to
recommend the essential features of a high-quality study so that researchers in the field of
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special education can have confidence in their findings to classify IR in mathematics as
an evidence-based practice (Cook et al., 2015). Also, it would encourage researchers in
the field to replicate methodologically sound studies following CEC (2014) guidelines.
Hence, additional research using strong designs applying QIs also seems warranted.
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CHAPTER THREE
METHOD
The purpose of this chapter is to describe the method used in this single-case
research design study. The purpose and research questions are stated first, followed by a
detailed description of the research design, participants and setting, and measures. The
intervention, along with data collection instruments and procedures, also is explained in
this chapter. Finally, the data analysis plan is described.
Purpose of the Study
Research examining different ratios of fluent to targeted (i.e., unknown) items
such as 80% fluent to 20% target (Cooke & Reichard, 1996) and 60% fluent to 40%
target (Roberts et al., 1991) has led to improved acquisition and retention of target items
compared to interventions that include only the presentation of all target items
(MacQuarrie et al., 2002). Among several drill models, interventions using a less
challenging ratio (e.g., 90% fluent to 10% target), such as incremental rehearsal strategy
(IR; Tucker, 1989), have shown better retention of target facts than a more challenging
ratio (e.g., 50% fluent to 50% target), such as the sandwich drill strategy (Neef et al.,
1977). This finding was presumably due to increased opportunities to respond
(MacQuarrie et al., 2002) to targeted items. Consequently, this study examined the effect
of IR in building basic subtraction fact fluency among four third- and fourth-grade
students with mathematics difficulties (MD). Students with MD are students who have
either a formal diagnosis of mathematics learning disabilities or students who are low
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performing in mathematics. Basic subtraction facts involve number combinations where
the subtrahend and the difference are single-digit whole numbers (i.e., 0-9).
Subtraction facts were selected because Common Core State Standards (National
Governors Association Center for Best Practices Officers, 2010) requires third-grade
students to use strategies to fluently add, subtract, and multiply as well as fourth-grade
students to use strategies to fluently add, subtract, multiply, and divide whole numbers to
solve problems. Typical students develop fluency with addition and subtraction by the
end of second grade (Powell et al., 2009). However, due to cognitive deficits and
increased reliance on inefficient strategies, such as finger counting, many third- and
fourth-grade students with MD differ from typically achieving peers in the ability to
retrieve basic subtraction facts (Geary, 2004). Additionally, young children who struggle
to recall subtraction facts fluently continue to experience difficulties in solving higher
order mathematics problems in later grades (Thornton & Smith, 1988), because they
often fail to shift from inefficient counting strategies (e.g., counting using fingers) to an
automatic recall of subtraction facts from memory. Moreover, scant research addresses
drill-and-practice strategies to improve subtraction facts. Previous studies using IR
examined the effect on fluency of multiplication facts (e.g., Burns, 2005; Codding et al.,
2010; Burns et al., 2016), but fluency of subtraction facts has not yet been examined.
The purpose of the study was to contribute to the existing research base on IR for
building basic mathematics fact fluency among elementary students with MD. First, the
study investigated the effectiveness of IR in building basic subtraction fact fluency of
elementary students with MD. Second, the study compared the relative accuracy of one
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session of practice versus two sessions. Finally, the study examined the student’s
acceptability of IR in building subtraction fact fluency.
Research Questions
The following research questions were investigated:
1. What is the effectiveness of incremental rehearsal in building subtraction fact
fluency among third- and fourth-grade students with mathematics difficulties?
2. Do additional opportunities to respond across two sessions increase the relative
accuracy over one session of target fact rehearsal among students with
mathematics difficulties?
3. What is student perception about the acceptability of using the incremental
rehearsal strategy for building subtraction fact fluency among third and fourthgrade students with mathematics difficulties?
Research Design
A single-case, multiprobe multiple baseline design (Kazdin, 2011) across
participants was used to investigate the effect of IR in increasing fluency of subtraction
facts (i.e., single-digit subtrahend and differences) among elementary students with MD.
Multiple-baseline design is appropriate for learned behavior (e.g., basic facts, spelling
words) that cannot be reversed, because this design does not require the withdrawal of
interventions once introduced (Kennedy, 2005). Unlike A-B-A-B design, multiple
baseline design is ethically desirable because students who receive the intervention will
continue to receive the benefit of IR even after the child shows improvement in facts
fluency, without returning them to the baseline condition (Kazdin, 2011). Moreover, this
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design controls for extraneous factors and demonstrates a functional relation by
concurrently establishing the baselines for all the participants and introducing IR to each
of the participants at different points of time when stability in baseline data was noted
(Kazdin, 2011). This staggered introduction of IR makes it evident that the improvement
in subtraction facts was due to the use of IR and not due to other extraneous factors.
When a change in the pattern (i.e., change in level or trend) from baseline to intervention
was observed for the student who received the intervention while other baselines
remained stable, then the intervention for the subsequent participant was introduced.
Similarly, the process was repeated for the other participants. Also, in this design, data
points were collected before and after introducing the intervention for each participant,
which helped the researcher to note the immediate change in performance that
contributed to demonstration of a functional relation (i.e., change in the dependent
variable occurred only when the independent variable was introduced). Additionally, the
multiprobe, multiple-baseline design, a variant of multiple-baseline design, was used in
this study for two reasons. First, when repeatedly testing students before intervention was
introduced, a possibility exists for contamination of data. That is, the student may become
more fluent in subtraction facts due to receiving repeated exposures to timed fact probes
that were used as dependent measures. Consequently, intermittent collection of data
during baseline for students who have prolonged baseline can minimize this potential
threat. Second, students with MD may experience anxiety and fatigue when assessed on
skills with which they struggle prior to the start of their own intervention. Minimizing the
collection of baseline data may reduce this potential anxiety and fatigue.
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The multiple-baseline design is flexible and straightforward. Practitioners can
use this design in the applied setting, because it is appropriate for learned behavior that
cannot be reversed, and it has flexibility in the timing of intervention (Kennedy, 2005).
However, some limitations to this multiple-baseline design should be noted. Kennedy
(2005) outline several potential problems. For example, when an intervention was
introduced to one tier, the effect of the intervention may spillover, thereby affecting the
other tiers even though the intervention has not yet been introduced to the other tiers.
Second, intervention to the other tiers may be delayed, because the researcher needs to
observe a change in pattern in one tier before introducing intervention to the other tiers,
thereby leading to potential maturational effects. That is, untreated students may start
becoming fluent in mathematics facts through other interventions, compromising
experimental control. Finally, because this design does not allow withdrawal of the
intervention or alternating conditions, a comparative analysis of the independent variable
was not possible.
Participants and Setting
Setting
Purposive sampling was conducted. After receiving formal approval by the
school district’s director for assessment, a couple of elementary school principals were
contacted about potential participation. One principal in a rural, public elementary school
in the Southeastern United States agreed to allow the researcher to recruit. The school’s
mathematics interventionist contacted six third-and fourth-grade teachers to nominate
prospective students. Each of the six teachers nominated one student who was low
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performing in mathematics or who had a formal diagnosis of learning disabilities in
mathematics. In addition, teachers confirmed that these students demonstrated difficulty
in recalling basic subtraction fact fluently. Teachers completed the student information
form (see Appendix A) for all the six students. Students had to meet several eligibility
criteria to participate in the study. Parents of the six students gave written consent for
their children to be screened, and the students provided verbal assent as well. The
researcher screened each student using an informal student interview to determine
whether they demonstrated having a conceptual understanding of subtraction but
performed in the below average or low-average range (e.g., 25th-35th percentile range or
below) on the Math Calculation Skills Cluster (i.e., Calculation and Fluency subtests) of
the Woodcock-Johnson Tests of Achievement 4th Edition (WJIV; Schrank et al., 2014) to
confirm eligibility for the study. Also, an Oral Flashcard Pretest was conducted by
presenting all the 100 subtraction facts to determine whether students met the eligibility
criterion of a minimum of 50 target facts (i.e., inaccurate or not fluent). A total of four
students met the eligibility criteria.
Participants
Student Participants
Each participant’s classroom teacher completed the student demographic form
(see Appendix B) for the four participants. Participants were three third-grade students
and one fourth-grade student. Two of the three third-grade students had learning
disabilities in mathematics, while one student was low performing in mathematics but not
labeled as having a disability. The fourth-grade student was a student with learning
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disabilities in mathematics. Demographic data and descriptive data were collected about
the participants (see Table 4). Pseudonyms were used to deidentify data.
Table 4
Student Demographic and Descriptive Data
Variable

Yanni

Sasha

Simi

Adam

Gender

M

F

F

M

Grade

3

3

4

3

9-3

8-10

11-2

8-8

H

AA

C

C

MD & RD

MLA

MD & RD

MD & RD

Calculation (grade equiv., GE)

2.9

2.2

3.3

3.1

Calculation (percentile, P)

25

15

9

46

Fact Fluency (GE)

2.9

1.9

3.1

2.3

Fact Fluency (P)

29

16

8

27

Calculation Skill Cluster (GE)

2.9

2.1

3.2

2.7

Calculation Skill Cluster (P)

26

14

8

34

Known Facts

41

21

34

29

Unknown Facts

59

79

66

71

Age range (years)
Race
Disability Status
WJIV

Subtraction Fact Fluency

Note. M = male, F = female; H = Hispanic, AA = African American, C = Caucasian; MD
& RD = learning disabilities in mathematics and reading; MLA = low achieving in
mathematics.
Yanni. Yanni was a nine-year-old, third-grade, Hispanic male student. Yanni was
classified as having learning disabilities in reading and mathematics. He had IEP goals
addressing math calculation and exhibited difficulty recalling subtraction facts fluently.
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According to the WJIV, Yanni had a grade equivalency of 2.9 in math calculation and
fact fluency, which placed him a grade below his typical peers in mathematics. The
number of items Yanni answered correctly on the math calculations and fact fluency was
comparable to an average student at the end of second grade. Yanni’s math calculation
percentile rank of 25, fact fluency percentile rank of 29, and calculation skill cluster
percentile rank of 26 were near the lower end of the average range. When presented with
100 subtraction facts one at a time, he was able to recall only 41 subtraction facts
correctly within 2 seconds. Yanni was extremely cooperative during treatment. He was an
enthusiastic learner and showed a lot of motivation to learn new facts during practice.
Yanni was interested in looking at his progress visually represented on the graph.
Sasha. Sasha was an eight-year-old, third-grade, African American female
student. She was evaluated but did not qualify for special education services. Sasha was
low performing in mathematics and exhibited difficulty recalling subtraction facts
fluently. Also, Sasha had trouble focusing and sustaining attention for a continuous
period. She often got distracted during IR practice, and the researcher had to redirect her
several times to the flashcard activity. Sasha was given breaks during practice and
allowed to stand, stretch, or take a short walk to the classroom door to bring her focus
back to the task at hand. She was also allowed to stand and respond, and use a stress ball
during practice, which helped her to focus better. According to the WJIV, Sasha had a
grade equivalency of 2.2 in math calculation and 1.9 in fact fluency, which placed her a
grade below her typical peers in mathematics. The number of items Sasha answered
correctly on the math calculations and fact fluency was comparable to an average student
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at the early second grade and late first grade, respectively. Sasha’s math calculation
percentile rank of 15, fact fluency percentile rank of 16, and calculation skill cluster of 14
were in the low average range. When presented with 100 subtraction facts one at a time,
she was able to recall 21 subtraction facts correctly and quickly within 2 seconds of
exposure time.
Simi. Simi was an eleven-year-old, fourth-grade, Caucasian female student. She
was supposed to be a fifth grader but was repeating the fourth grade. Simi was classified
as having learning disabilities in reading and mathematics. She had IEP goals addressing
math calculation and had trouble recalling subtraction facts fluently. According to the
WJIV, Simi had a grade equivalency of 3.3 in math calculation and 3.1 in fact fluency,
which placed her two grades below than her typical peers in mathematics. The number of
items Simi answered correctly on the math calculations, and fact fluency was comparable
to an average student in the mid-third grade and early third grade, respectively. Simi’s
math calculation percentile rank of 9, fact fluency percentile rank of 8, and the
calculation skill cluster percentile rank of 8 were in the low range. When presented with
100 subtraction facts one at a time, she was able to recall 34 subtraction facts correctly
and quickly within 2 seconds of exposure time.
Adam. Adam was an eight-year-old, third-grade, Caucasian male student. Adam
was classified as having learning disabilities in reading and mathematics. He had IEP
goals addressing math calculation and had trouble recalling subtraction facts fluently.
According to the WJIV, Adam had a grade equivalency of 3.1 in math calculation and 2.3
in fact fluency, which placed him a grade below than his typical peers in fact fluency.
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The number of items Adam answered correctly on the math calculations, and fact fluency
was comparable to an average student at the early third grade and mid-second grade,
respectively. Adam’s math calculation percentile rank of 46 and calculation skill cluster
percentile rank of 34 were in the average range. However, his fact fluency percentile rank
of 27 was near the lower end of the average range. When presented with 100 subtraction
facts one at a time, he was able to recall 29 subtraction facts correctly and quickly within
2 s.
Teacher Participants
The participants’ received mathematics instruction from their general education
teachers as well as from their resource teacher or mathematics interventionist. All
classroom teachers were Caucasians. Table 5 shows the demographic data collected about
the teachers.
Table 5
Teacher Demographic Data
Variable

Yanni’s teachers

Sasha’s teachers

Simi’s teachers

Adam’s teachers

GE

SE

GE

InT

GE

SE

GE

SE

Gender

F

F

M

F

F

F

F

F

Grades taught

3

1& 3

4

3-5

3

4& 5

3

1&3

Note. M = male, F = female, GE = general education teacher; SE = special education
teacher; InT = mathematics interventionist.
Mathematics Instruction
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The researcher interviewed the teachers using a questionnaire (see Appendix C) to
collect information about the mathematics instructional curriculum and current fluency
practice used in the classroom and to obtain information about the student’s mathematical
knowledge and understanding of number combinations. A written questionnaire was
completed by three teachers and one of the teacher’s oral responses to the questionnaire
was recorded by the researcher. Based on the teacher’s responses to the questionnaire, the
researcher reported the instruction the participants’ received. The general education
teachers delivered both whole-group and small-group mathematics instruction. The
resource teachers provided mathematics instruction to address the IEP mathematics goals
of their students who had learning disabilities in mathematics, and the mathematics
interventionist delivered pull-out intervention services for the student who was at-risk.
Instruction for Yanni. Yanni received instruction on third-grade level
mathematics standards in the general education classroom. The general education teacher
used the enVisionmath, a mathematics curriculum, to provide instruction on grade-level
standards and used online activities to supplement instruction. Based on the teacher
responses during the interview, Yanni participated in 90 min of mathematics instruction
in the classroom and spent approximately 10–15 min practicing mathematics facts each
day. In addition, the assessments used in the classroom included timed fact fluency
assessment and topic tests.
Based on the teacher questionnaire, Yanni’s resource teacher delivered pull-out
resource services to address his IEP mathematics goals using the scripted SRA
connecting mathematics curriculum for 90 min each week. Also, Yanni’s resource
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teacher provided small-group direct instruction based on the level of the student.
Additionally, Yanni participated in second-grade guided mathematics instruction and
personalized online mathematics practice using a program “Mappers” on Khan Academy.
Further, the resource teacher response to the questionnaire described the types of
assessments used, such as pretest, fact fluency assessment, and progress monitoring for
assessing Yanni mathematics skills. Yanni received accommodations that include oral
administration, small group instruction, repeated directions, and extended time.
Instruction for Sasha. Sasha’s general education teacher delivered instruction to
Sasha on third-grade level mathematics standards. The general education teacher used the
enVisionmath, a mathematics curriculum, to provide instruction on grade-level standards.
In addition, the other online programs used in the classroom to supplement instruction
included IXL, Khan Academy, Xtra Math program, and Happy Numbers. Based on the
teacher questionnaire, Sasha received 90 min of mathematics instruction in the
classroom, spent approximately 45 min practicing mathematics facts each day, and was
encouraged to practice mathematics facts at home. In addition, the teacher provided more
differentiated instruction for Sasha in the classroom. The teacher listed the assessments
used in the classroom, which included a pretest at the beginning of the year, timed fact
fluency assessment on multiplication facts, unit tests, and a progress monitoring
assessment. Based on the teacher questionnaire, Sasha used a whiteboard for mathematics
about 95% of the time in the class, and she generally used her fingers to add single-digit
numbers.
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Sasha received pull-out services from the mathematics interventionist using the
scripted SRA connecting mathematics curriculum (level B) to address skills in place
value, expanded form, basic fact recall, fact families, and simple word problems. Based
on the interventionist interview, the researcher reported that Sasha received 30 min of
intervention for three times a week. The interventionist used NWEA MAP skills to
identify gaps and to focus on the area of skill deficit.
Instruction for Simi. Simi received instruction on fourth-grade level
mathematics standards from the general education teacher. Based on the teacher’s
response to the oral interview, the whole group instruction in Simi’s class emphasized
conceptual understanding, using visual representations and manipulatives (i.e., base ten
blocks, fraction strips) and teaching multiple strategies to solve problems. Simi’s general
education teacher commented during the oral interview that he preferred not to use the
enVisionmath curriculum, because he felt that it was too abstract and did not address the
South Carolina state standards. Moreover, the teacher expressed during the oral
interview, the school was in the process of adopting a new curriculum, so he used some
online programs such as IXL and Zearn to supplement instruction. Based on the teacher
response to the oral interview, Simi received 90 min of mathematics instruction in the
classroom, which included spiral review, math talk, and practicing multiplication facts for
approximately 10 min each day. Further, based on the teacher’s response to the oral
interview, Simi’s teacher preferred not giving homework or timed tests to his students,
because he assumed that it would cause anxiety among the students. The teacher used
assessments such as Xtra math to assess fact fluency, IXL to assess topics taught, and
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online quizzes for assessing new skills. The teacher regularly monitored Simi's progress
using single-skill progress monitoring measures after teaching a specific skill. Also, the
teacher used MAP scores to group students.
Based on the resource teacher’s response to the interview question, Simi received
pull-out resource services for 45 min daily, five days a week. Further, Simi’s resource
teacher provided small-group, direct instruction to reinforce on skills taught in the
general education classroom. For progress monitoring, the teacher used AIMSweb®, a
benchmark and progress monitoring system, to monitor Simi’s mathematics performance.
Simi received accommodations that include oral administration for mathematics, smallgroup instruction, and extended time for tests and assignments.
Instruction for Adam. Adam received instruction on third-grade level collegeand-career readiness state standards from the general education teacher. The teacher
described in the questionnaire that the whole group instruction focused on mathematics
skills that included number sense, geometry, fractions, measurement and data, and
problem-solving skills for solving multi-step problems. Based on the teacher
questionnaire, Adam’s teacher provided mathematics instruction using a variety of online
programs, such as Xtra math, Khan Academy, IXL, in addition to the enVisionmath
curriculum for 60–90 min per day. The teacher used modeling and scaffolded instruction
to teach mathematics concepts, and small group instruction to work on new skills spiraled
in old skills. Adam also practiced multiplication facts through 12 for approximately 15
min per day using the Xtra math program. The assessments include fact fluency
multiplication tests, small quizzes on topics taught, and unit test at the end.
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Based on the teacher questionnaire, Adam received pull-out services from his
resource teacher using the scripted SRA connecting mathematics curriculum to address
his IEP mathematics goals for 30 min, four times a week. Adam’s resource teacher
provided small-group direct instruction based on the level of the student. Adam
participated in guided mathematics instruction at a second-grade level and personalized
online mathematics practice using a program “Mappers” on Khan Academy. The
resource teacher’s report described the assessment used, such as pretest, fact fluency
assessment, and progress monitoring for assessing Adam’s mathematics skills. Adam
received accommodations, which include oral administration, small group instruction,
repeated directions, and extended time.
Measures
Screening Measures
Mathematics Concept Interviews
The researcher conducted student interviews to determine if students had a
conceptual understanding of subtraction. The informal student interview (see Appendix
D) was conducted with students individually. First, the researcher modeled two, singledigit addition problems using concrete objects or manipulatives. Second, students were
shown index cards with single-digit subtraction problems written on them with no answer
(e.g., 5 - 2 = __). One problem was written on each index card, and five problems were
presented to the students. The problems were read aloud to the student, one problem at a
time. The students were provided with concrete objects or manipulatives such as blocks
or pennies, and they were asked to show how they would solve the subtraction problem.
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The researcher scripted student responses. Also, the researcher had a brief talk with the
students individually using prompts and discussions that included how and what
questions to determine if students were using reasoning strategies to solve the problem.
The questions allowed the researcher to interpret if students had a conceptual
understanding of numbers relations based on the strategies they used to find the answers
such as counting back for easy facts (i.e., -0, -1, -2), counting up and derived facts for
harder facts (i.e., over 10). For example, the students were asked, “How did you figure it
out?” “Could you find it another way?” The researcher recorded the student’s response
and the strategies the student used to solve the problems.
Woodcock-Johnson IV Math Calculation Skills Cluster
The researcher screened nominated students with the Math Calculation Skills
Cluster of the Woodcock-Johnson Test of Mathematics Achievement and Cognitive
Abilities-IV (WJIV; Schrank et al., 2014), which includes the Math Calculation and Math
Fact Fluency subtests. The Math Calculation Skills Cluster has a median reliability
coefficient of .96 in the 5 to 19 age range. This cluster of subtests provided a measure of
basic mathematical skills that includes quantitative knowledge and cognitive processing
speed. The calculation subtest was used to confirm that nominated students were low
performing in mathematics as compared to a normative sample. The Fact Fluency subtest
was used to verify that nominated students scored poorly on mathematics fluency.
Students who scored in the below average or low-average range (e.g., 25th-35th percentile
range or below) on Math Calculation and Math Fact Fluency subtests were included in
the study.
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Oral Flashcard Pretest
At the beginning of the study, eligible participants were individually pretested on
their mathematics performance on subtraction facts. Participants who had a minimum of
50 target facts (i.e., inaccurate or not fluent) were included in the study. The researcher
presented participants individually with 100 subtraction combinations (see Appendix E)
printed on 2.5” x 3.5” colored cards using black print. Initially, the 100 number
combinations were printed on A4 colored card stock using black print and then cut into
2.5” x 3.5” cards. The answer to the facts was not included. The 100 cards were shuffled
and presented. Before the assessment began, participants were instructed to try to respond
to each fact to the best of their ability. A two-second latency between the stimulus and
response was allowed. When the participant gave a correct response or self-corrected
within 2 s of exposure time, the fact was placed in the master Fluent stack. If an incorrect
response was given or the participant failed to answer within 2 s, the fact was placed in
the master Target stack. Reinforcement, in the form of noncontingent praise, such as keep
working hard, was provided to the student. The total number of subtraction facts, as well
as the individual facts appearing in the Fluent and Target stack were recorded in an excel
spreadsheet in columns for Fluent and Target separately and visually represented in a fact
matrix.
Achievement Measures
Written Timed Probe
Data collected on the number of facts written correctly in 2 min served as the
primary dependent variable. The researcher graphed the data later. Fluency data were
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collected for each participant using curriculum-based measurement (CBM; Deno, 1985)
single-skill fluency probes. CBM is an empirically validated progress monitoring method
that uses brief, reliable, and valid measures to monitor students’ progress over time
(Deno, 1985). Each probe included all 100 basic subtraction combinations. Subtraction
facts probes (e.g., Appendix F) were used to assess fluency every day or every other day
during the baseline phase, as well as at the end of each iteration (i.e., after two
consecutive sessions) during the intervention phase. Alternate forms of the probe were
used; every fact appeared on the measure but in a different order.
The researcher created these single-skill subtraction probes. The subtraction facts
were placed in ten rows and ten columns, using a systematic method for randomly
assigning a unique subtrahend (i.e., digit 0-9) for all ten problems in each row. For
example, a row had the following subtraction facts 2 - 1, 5 - 0, 6 - 2, 9 - 9, 8 - 4, 10 - 5,
14 - 8, 4 - 3, 11 - 6, 13 - 7. Systematically distributing subtrahends in each row was an
attempt to keep difficulty level consistent throughout the measure, rather than relying on
the traditional method for random presentation of all facts. All the facts in each probe
were double verified to make sure all the 100 facts appeared only once, and a unique
subtrahend (i.e., digit 0-9) for all ten problems in each row were randomly assigned. The
rows of the first alternate form were shuffled to create nine more probes so that none of
the ten probes had rows similar to each other. Then the columns of each of the generated
ten probes were shuffled in such a way that none of the ten probes had the same columns.
Thus, probes from 1 to10 were created. This same procedure was used to create probes
11 to18.
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Standardized procedures were used in the administration and scoring of probes
(Appendix G). The researcher administered the probes individually for 2 min using
standard directions and scored for speed and accuracy by calculating the numbers of facts
written correctly in 2 min. Research indicates that the fluency data using digits correct
per minute (or per allocated time unit) is reliable and positively correlated with the
criterion measures (Burns et al., 2010). Reversed or rotated digits (i.e., 3 as Ɛ) were
counted as a correct response unless digits appear as another digit because of the change
in position (i.e., 6 and 9). Students were awarded one point for each correct response, and
zero for each incorrect or blank response attempted within the 2 min.
Oral Flashcard Pre- and Posttest
The pretest was used as a screening measure as well as an achievement measure.
The pretest was used to determine the total number of target facts and fluent facts the
participants knew before the study began. The pretest was to be repeated at the end of the
study as the posttest to determine the percentage of facts retained and to see the overall
growth on mathematics facts for each student from pretest to posttest. Additionally, the
posttest could be used to analyze whether the specific target facts selected from pretest
performance were retained at posttest. Due to the coronavirus pandemic and the sudden
school closure, the posttest could not be administered.
Next-Day Assessment
The secondary dependent variable was the retention data collected by calculating
the number of target facts recalled correctly per intervention session when each of the
three target facts rehearsed in the session was presented one-by-one for 2 s. The same set
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of three target facts and six fluent facts rehearsed in the first and second sessions of each
iteration were shuffled and presented to the student individually at the beginning of each
next day session. The number of target facts the student recalled correctly at the
beginning of the next-day session helped in determining whether additional opportunities
to respond across two sessions appeared to increase accuracy over only one session of
target facts rehearsal. Because all facts rehearsed in each session were evaluated the next
day, accuracy of target facts could be traced across subsequent iterations until they
eventually cycled out and were replaced by other facts.
Social Validity
The student’s perception about the acceptability of the IR treatment was to be
measured using an adapted version of the Kids Intervention Profile (KIP; Eckert et al.,
2017). KIP is a validated measure for young children. KIP has an adequate internal
consistency with an alpha of 0.79 and stability across three weeks with test-retest
reliability of 0.70 (Eckert et al., 2017). Also, a positive relationship was evidenced
between students’ intervention acceptability ratings and the students’ effectiveness of the
intervention, which supports the fact that students are most likely to show improvement
in their academic outcomes if they perceive the intervention as acceptable (Eckert et al.,
2017). The KIP rating scale (see Appendix H) and its response options were to be
administered orally to students one-on-one. This scale contained a total of 10 items
written at a beginning third-grade level with 7 items on a five-point Likert scale ranging
from not at all (i.e., 1 point) to very, very much (i.e., 5 points) with boxes next to the
written statement increasing in size to represent the relative strength of the response
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(Eckert et al., 2017). The possible total scores ranged from 7 to 35. The higher scores
indicated greater levels of acceptability, where a total score greater than 28 indicated an
acceptable rating. Items 8 to 10 are open-ended questions that described student
preferences for using the practice.
Interscorer Agreement
The written timed probes were scored independently by the researcher and a
trained doctoral student in special education for at least 50% of the assessments for each
phase. The researcher trained the scorer and met to discuss any discrepancy or until a
consensus was reached on the scores. Interscorer agreement was calculated by using the
formula: number of agreements of participant responses divided by total of the number of
agreements plus disagreements, multiplied by 100. Subtraction facts judged as correct or
incorrect by both the researcher and the scorer were counted as agreements. No
disagreements occurred, so interscorer agreement of written timed probes for each
student for each phase was 100%. All the scores were entered in an excel spreadsheet
using pseudonym names and graphed.
Procedure
Upon the University’s Institutional Review Board (IRB) approval and after
receiving parental consent, the researcher screened students nominated by the teachers,
using the mathematics concept interviews, Math Calculation Skills Cluster of WJIV, and
students IEP goals in mathematics to select study participants. The researcher obtained
assent from the participants prior to participating in the study by explaining the study to
each of the participants. The schedule for testing was worked out with each participant’s
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teacher before the study began based on each student’s schedule to avoid potential
conflicts during the intervention. The study was conducted in a separate room (i.e., a
computer room used for testing purposes) free of distraction. The multiprobe, multiplebaseline design was used to collect data on the subtraction facts performance of students.
Baseline Procedure
Baselines were established concurrently for each of the four participants. During
baseline, each student was presented with the written timed subtraction probe that
included all 100 single-digit subtraction facts. Each time a probe was administered, the
researcher used an alternate form of the assessment to ensure that students would not
memorize the order of problems or answers from one occasion to the next. Baseline data
were collected for all participants every day for a minimum of five consecutive days.
Baseline was prolonged for some students while delaying treatment for these students
(see Research Design section for detailed description). For participants for whom the
baseline continued, probes were administered immediately prior to and following the
introduction of the intervention to one of the other participants. This intermittent
collection of data was to prevent contamination of data that may occur when repeatedly
testing students using timed probes and also to prevent students from getting potential
fatigue with repeated presentation of target facts that they have not learned prior to an
intervention. Baseline data points were graphed individually for each student and
indicated the current level and predicted future performance for each participant (Kazdin,
2011). As recommended by Kennedy (2005), the researcher introduced IR sequentially to
one participant at a time only when a distinct increase or positive trend in subtraction fact
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fluency was observed between baseline and treatment phase for the participant receiving
treatment, while performance was stable in each of the other baselines.
Incremental Rehearsal Treatment
The IR flashcard technique (Tucker, 1989) was the independent variable used to
improve the fluency of subtraction facts (i.e., single-digit subtrahend and difference).
This drill-and-practice strategy utilizes flashcards with a high percentage of fluent
subtraction facts (Burns, 2005) and sequentially increases the interval between
presentations of the new, target subtraction facts. This independent variable was chosen
because previous research examined the efficacy of the IR technique in improving the
fluency of basic skills in varied academic areas, such as reading, writing, international
language vocabulary, and multiplication facts. Although the procedures were effective
across areas, scant research existed in the area of mathematics. Moreover, no studies to
date used IR to address fluency of subtraction facts.
The researcher was responsible for implementing the treatment. The intervention
included approximately six iterations, depending on when the treatment was introduced
for each participant. Each iteration consisted of a one-to-one IR intervention session for
two consecutive days, each session lasting approximately 15–20 min. Following each
iteration (i.e., two days of practice on the same facts), the researcher administered a 2 min
subtraction probe as the graphed dependent variable. After five consecutive baseline data
points, the researcher selected the participant with the most stable baseline as the first
participant in the treatment (Kennedy, 2005).
Target and Fluent Facts Selected for the Two-Day Intervention Iterations
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For each iteration of the participant’s intervention phase, the researcher selected
three target subtraction facts using a systematic and sequential approach (see Appendix I)
for guidelines) from the master Target stack. Also, six fluent facts were randomly
selected from the master Fluent stack for the first iteration. These same facts (i.e., target
and fluent) were used for both intervention sessions across the first iteration. For the
second iteration three fluent facts were randomly selected from the master Fluent stack.
The rest of the three fluent facts for the second iteration were the three target facts from
the previous iteration. In the subsequent iterations, the target facts used in the previous
iterations became the six fluent facts (i.e., previous target facts) until they cycled out.
Hence, the total number of subtraction facts presented during each iteration were always
nine (i.e., three target facts and six fluent facts, which either were selected from the
Fluent stack or were previous target facts)
Confirming the Selected Facts as Known and Unknown
Prior to the beginning of each treatment iteration, all of the selected target and
fluent subtraction facts for the iteration were presented on flashcards to the student.
Because the selection of facts was based on student performance of all 100 facts prior to
the study, the researcher needed to confirm that the selected facts were still known or
unknown to the participant. A two-second latency between the stimulus and response was
allowed to confirm that the subtraction facts chosen to be presented during the iteration
were truly target (i.e., unknown) facts and fluent (i.e., known) facts for the student. If
there was a discrepancy with the chosen target and fluent subtraction facts, they were
removed and replaced with a prepared back-up target or fluent subtraction fact, as
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needed. For the second iteration, three new target facts were selected along with only
three fluent facts, because the other three fluent facts were the previous iteration’s target
facts. Thus, the target facts continued to be practiced across iterations until they became
replaced with later target facts. For example, following the second iteration, only three
target facts were selected for interventions, because the fluent facts in these iterations
were the target facts from previous iterations. This procedure allowed the original target
facts to continue to be practiced as supposed fluent facts during two subsequent iterations
until they were replaced systematically with other target facts. This feature provided
repeated opportunities to practice the target skills across multiple sessions (three
iterations, or six, successive sessions).
Rationale for Number of Target Facts Selected
Burns (2002) suggested that the number of target items chosen to rehearse for
each session should be based on the student’s instructional level, referred to as the
acquisition rate, so that target items practiced would not fall above or below the student’s
ability level. The acquisition rate is the number of target items a student can practice and
later recall during each intervention session. Although the acquisition rate could mean
that different students are assigned different numbers of facts to practice in a session, the
researcher decided conform to some previous research (Burns, 2004; Burns et al., 2016;
Burns et al., 2019) by using only a few target facts (i.e., three target facts) on which to
focus in each session. Choosing only a small set of target facts to practice during each
session was supported by Hasselbring et al. (1988). Hasselbring and his colleagues
suggested that only a very small set of basic mathematics facts, not more than two or
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three target facts, should be introduced at a time to students to better enable these number
combinations to become stored easily in memory for later retrieval.
Practice During Incremental Rehearsal
During the intervention, the researcher sat across from the student at a table. Six
fluent facts and three target facts chosen for each iteration were presented using the IR.
The researcher presented each fact on a flashcard one at a time. The intervention began
with the first session for the first iteration and included the following steps (Appendix J).
Modeling of First Target Fact. The session began with modeling the first target
fact. The student was then slowly released to practice independently.
1. The first target fact chosen was presented to the student, and the researcher
modeled the target fact and its correct response (e.g., the researcher said, “four
minus two equals two”).
2. The student practiced with the researcher (e.g., they said together, “four minus
two equals two”)
3. The researcher said the target fact without saying the answer. The student was
prompted to give the correct response (e.g., “four minus two equals how many?”
and the student said, “two”).
4. The student was then asked to restate the target fact and provide the correct
answer orally without any prompt (e.g., the student said, “four minus two equals
two”), if incorrect, researcher said, “let us try again,” “four minus two equals
two,” and the student provided the correct response.
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5. The first target fact was practiced until the student said the correct response
within 3 s for the first session and 2 s for the second session without any prompt.
Rehearsal of First Target Fact. After the student gave the correct response for
the first target fact, the practice session began where the student was expected to
provide correct responses for the facts presented within 3 s. However, the latency
changed to 2 s for the second session.
6. The first target fact was presented, and the student answered aloud.
7. The first fluent fact was presented, and the student answered it correctly.
8. The first target fact was presented again, and the student answered it correctly.
9. When the student missed a fact or failed to answer within the required seconds,
the researcher modeled the fact (statement and answer), and the student read the
statement and answered correctly. The researcher showed the fact again that was
face down, and the student said the correct answer.
10. If the student provided a correct response for the target fact presented, then the
first and second fluent fact was presented before presenting the target fact again.
11. The first, second, and third fluent facts were presented before the first target fact
was presented.
12. The first, second, third, and fourth fluent facts were presented before the first
target fact was presented, and so on until the sixth fluent fact was presented.
13. The first target fact was rehearsed continuously using the pattern described in
Figure 2 and Figure 3.
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Figure 2
Pictorial Representation of IR Procedure Used in the Current Study

Note. T = target fact; F = fluent fact; PT = previous target fact.
Source: Adapted from Tucker (1989) & Burns (2005).
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Practice of Second Target Fact. After the sequence of presenting the first target
fact with the six fluent facts was completed, the first target fact was considered the first
fluent fact on the assumption that the target fact was correctly called most of the time or
at least the last time it was presented. So, the first target fact replaced the first fluent fact
and was practiced like the first fluent fact irrespective of whether the first target fact was
answered correctly or consistently.
1. The first fluent fact became the second fluent fact, and the second fluent fact
became the third and so on. Consequently, the last fluent fact was removed.
2. Then, the first target fact was replaced with the second target fact.
3. Similar to the first target fact, the second target fact was modeled, and scaffolded
instruction was provided before practice using the second target fact began. The
second target fact was then rehearsed and followed the sequence like the first
target fact.
Practice of Third Target Fact. After completing the sequence, the second
target fact became the first fluent fact, and the first fluent fact (i.e., the first target fact)
became the second fluent fact and so on. The last fluent fact was removed.
4. Then, the second target fact was replaced with the third target fact.
5. The third target fact was modeled and rehearsed like the first and second target
fact. The third target fact followed the sequence again. Therefore, the total
number of flashcards in the deck was always seven (i.e., with six fluent facts and
one target fact).
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The practice session was completed when all three target facts were practiced.
During the second session of the first iteration, the same set of three target facts were
rehearsed. However, the third target fact was introduced first, followed by the second
target fact, and finally, the first target fact. The change in the introduction of target facts
was provided approximately the same number of opportunities to respond for each target
fact. However, the sequence of fluent facts remained the same as in the first session.
Also, the latency of response was reduced from 3 s in the first session to 2 s in the second
session.
Next-Day Assessment and Timed-Probe Assessment. At the end of the first
iteration, that is, after the two, consecutive sessions of the intervention with the same set
of facts, an assessment using the timed probe was administered to investigate fluency of
subtraction facts. The total number of facts written correctly in two minutes was recorded
and data were graphed. Also, at the beginning of the next-day session, the set of facts
rehearsed in the previous session was assessed to determine if additional opportunities to
respond across two sessions over one session increased accuracy of target fact rehearsal.
The next-day assessment was conducted by presenting each fact in the set for 2 s and
recording the number of target facts recalled.
Practice Sequence Following the First Iteration. For the second iteration, a new
set of three target facts was chosen following the fact selection guidelines (see Appendix
I). The three target facts rehearsed during the first iteration became the first three fluent
facts in the present iteration, and the rest of the three fluent facts were randomly selected
from the master Fluent stack to be rehearsed along with the three target facts (i.e., now
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fluent facts) with the new set of three target facts. The practice sequence, similar to the
previous iteration, was followed. The three target facts chosen during each iteration
became the first three fluent facts in the subsequent iterations until they cycled out. The
same procedure of pretesting at the beginning of each iteration to confirm students did
not know the target facts selected, assessing subtraction fact fluency using the timed
probes at the end of each iteration, and assessing the accuracy of facts practiced in each
session at the beginning of each next-day session, continued for the rest of the sessions
and iterations for each participant receiving the intervention.
Criteria for Introducing Intervention to the Next Participant
When the participant receiving intervention demonstrated an increase in
subtraction fact fluency (i.e., level, trend) while the participants yet to receive
intervention demonstrated a stable baseline, the researcher could infer appropriately that
the increase in subtraction fluency was due to the intervention conducted. The researcher
then applied the intervention with the next participant who demonstrated the most stable
baseline. This method of introducing the intervention to the other participants was to be
continued until all the participants were introduced to the intervention.
Treatment Integrity and Training
The researcher implemented the treatment, and another doctoral student
conducted the fidelity check. The researcher provided prior training to the observer for
approximately one hour at the beginning of the study on using the treatment checklist and
IR procedures. McIntyre et al. (2007) reviewed school-based experimental studies
between 1991 and 2005 and reported that only 30% of the reviewed studies meeting
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review criteria actually reported treatment integrity. Reporting treatment integrity in
studies is crucial for determining whether the treatment was implemented as planned and
to infer appropriately that the independent variable was the cause for the change in the
dependent variable.
Interobserver agreement was used to measure the consistency of treatment
procedures. To monitor the fidelity of intervention implementation for this study, a
treatment fidelity checklist of 26 steps (see Appendix K) outlined the treatment
implementation procedures (Burns, 2005; Tucker, 1989). The observer checked each step
independently while observing the researcher implement the treatment. The observer
rated at least 33% of the sessions for each student. The observer evaluated the beginning,
middle, and end of the intervention phase for Yanni and Sasha. Specifically, for Yanni,
treatment integrity was assessed twice at the beginning and the end of the phase, and once
in the middle of the phase. For Sasha, fidelity was assessed once at the beginning,
middle, and end of the phase implemented. Each step was marked either ‘yes’ if the step
was implemented correctly or ‘no’ if the step was not implemented or was implemented
incorrectly. At the end of each checklist, spaces were provided for the observer to mark
the total number of steps completed correctly during the session and to calculate the
percentage of steps completed. The total number of items correctly implemented were
divided by the total number of items and multiplied by 100 (Kennedy, 2005). Treatment
fidelity assessed was 100% for each student.
Data Collection Instruments and Procedures
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Written timed probes were used to collect baseline data and data at the end of
each iteration during the intervention phase. The data collected using timed probes were
scored, recorded on an excel spreadsheet, and graphed. Data collected using the Oral
Flashcard Pretest at the beginning of the study were recorded for each student
individually in an excel spreadsheet to keep track of the fluent facts, target facts to be
practiced, target facts retained, and to examine student’s fluency gains from pre- to
postintervention. Also, at the beginning of each session, an assessment was conducted by
presenting the set of facts practiced on the previous day’s session to determine the
accuracy of fact recall when each fact was presented for 2 s. Although each fact was
presented for 2 s during assessment the latency of response during practice was reduced
from 3 s in the first session to 2 s in the second session. Also, sessions were untimed and
conducted without any other students in the vicinity. Data on each student’s perception
and acceptability about IR were to be collected (i.e., administered one-on-one) using the
social validity rating scale on the last day of treatment for all the students. Also, Oral
Flashcard Posttest data were to be collected at the conclusion of the study. However,
because of sudden school closure during the COVID-19 pandemic, the researcher was not
able to collect social validity and posttest data. The researcher was responsible for
collecting data and data was collected for approximately four weeks.
Data Analysis
The effectiveness of the IR on improving the subtraction fact fluency of students
with MD was examined using a combination of visual analysis (i.e., mean, change in
level, trend, variability, consistency of data patterns across similar phases) and
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calculation of effect sizes using Tau-U between the baseline and the intervention
condition. Additional opportunities required to recall facts accurately was examined by
comparing the number of target facts recalled during the first session versus the second
session collapsed across iterations for each participant. Descriptive statistics were
examined. Depending on the number of iterations compared, a paired t-test or
nonparametric technique was to be used. The social validity of the intervention was to be
determined by examining the frequency of ratings that correspond to each selection.
However, because of sudden school closure following the impact of the COVID-19
pandemic, the social validity data were not collected.
Visual Analysis
Visually analyzing the data provides a roadmap for the study in process and to get
a better understanding of the nature of findings (Kennedy, 2005). Visual analysis is an
effective tool to carefully inspect every aspect of the data visually to determine sources of
variability and reveal the functional relations between IR and the number of subtraction
facts recalled fluently. Specific guidelines for visually analyzing the data described in
Kratochwill et al. (2010) were followed in this study. The guidelines included
documenting the predictable pattern of data in the baseline, basic effects to examine
within- and between phase data patterns, stability in data of nonintervened participants,
and demonstrations of at least three effects at three different points of time. Further, the
basic effects were assessed individually and collectively by examining the six features
within each phase (i.e., level, trend, and variability) and across phases (i.e., the
immediacy of the effect, overlap, and consistency of data in similar phases) as described

116

by Kratochwill and his colleagues. Specifically, the six features were examined in detail,
which includes, (a) the change in the mean score of data to determine the change in level;
(b) the straight line of best fit for the data to determine the change in trend; (c) the range
or standard deviation of data to determine the variability in data; (d) the change in level
from the last three data points of one phase to the first three data points of the next phase
to determine the immediacy of the effect (with more immediate changes confirming
causal relations); (e) the portion of data in one phase that overlap with the previous phase
to determine the overlap of data, with the smaller the overlap portion the more
convincing the effect; and (f) consistency of data pattern in similar phases to determine
the extent of consistency in data patterns in all the four participant’s baseline phases and
the intervened participant’s ‘IR’ phases. Greater consistency increased the possibility of a
better causal relation. If a functional effect was evident, then the estimation of effect size
was conducted using quantitative analysis (i.e., Tau-U). Also, statistical analysis was
used when a stable baseline was not established, or a trend was evident, and when a
visual inspection did not allow a precise analysis of whether an intervention was effective
or not.
Tau-U
Although there is no consensus on the statistical methods used for analyzing data
in a single-case research design, Tau-U is a statistical procedure enabling calculation of
the overall effect size of the treatment (Brossart et al., 2018). Parker et al. (2011b)
proposed Tau-U, derived from Kendall’s rank correlation and Mann-Whitney U. Tau-U
is used to gain a descriptive and inferential understanding of the data by examining the
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within-phase trend and across-phase differences separately. Tau-U was used in this
investigation over other effect size calculators because it controls for a positive baseline
trend, is appropriate for any single-case research design, and has greater statistical power
to consider overlap results with greater precision (Parker et al., 2011a). Tau-U was
calculated using the online Tau-U calculator (Vannest et al., 2016) by inputting the raw
scores of baseline and intervention to analyze data of several phase contrasts
independently. Also, an overall effect size was calculated by averaging the independent
data. For example, Yanni’s data and Sasha’s data were analyzed separately. Then, an
overall effect size was calculated by combining the data. Tau-U effects are measured as
small (0–0.65), medium (0.66–0.92), and large (0.93–1.00), which are equivalent to
ranges recommended for nonoverlap of all pairs (Parker et al., 2009).
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CHAPTER FOUR
RESULTS
The purpose of this chapter is to describe the results of using incremental
rehearsal strategy in building basic mathematics fact fluency among elementary students
with mathematics difficulties. A multiprobe multiple baseline design was used in this
study. The results include (a) the student’s performance on written timed probe
assessments that were administered for 2 min at the end of each iteration, (b) the total
number of target facts recalled correctly within 2 s on the next-day assessment for session
one and session two of each iteration, (c) social validity findings, and (d) the student’s
performance on the oral flashcard pretest and posttest when each of the 100 subtraction
facts were presented one at a time for 2 s.
Purpose of the Study
The purpose of the study was to contribute to the existing research base on
incremental rehearsal strategy (IR) in building basic mathematics fact fluency among
elementary students with mathematics difficulties (MD). The primary purpose was to
investigate the effectiveness of IR in building basic fact fluency among elementary
students with MD. A secondary purpose was to determine whether additional
opportunities to practice in session two compared to session one increased the relative
accuracy of target facts recalled in session two. Also, this study proposed to assess the
student’s acceptability of IR in building subtraction fact fluency. Because of sudden
school closure following the impact of COVID-19, the student’s acceptability of IR was
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not examined. Also, the oral flashcard posttest was not conducted. The following
research questions were investigated in this study:
1. What is the effectiveness of incremental rehearsal strategy in building subtraction
fact fluency among third- and fourth-grade students with mathematics
difficulties?
2. Do additional opportunities to practice across two sessions increase the relative
accuracy over one session of target fact rehearsal among students with
mathematics difficulties?
3. What is student perception about the acceptability of using incremental rehearsal
strategy for building subtraction fact fluency among third- and fourth-grade
students with mathematics difficulties?
Fact Fluency
Visual Analysis
A visual analysis of the graphed data and calculation of effect sizes using Tau-U
between the baseline and intervention conditions were used to address research question
one to examine the use of IR in improving fact fluency. Figure 4 presents the results of
the graphed performance of alternate forms of subtraction facts administered to each
student during baseline and to intervened students during the intervention phase for four
weeks. Scores were represented as a number of correct responses per 2 min. Visual
analysis of fact fluency performance of all the participants was performed to examine
performance in greater detail, looking for consistency or changes in the pattern of data in
addition to examining the overall effect. All participants remained in the baseline for a
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minimum of five days, and a minimum of five baseline data points was collected. The
visual inspection of the data suggested an improvement in the subtraction fact fluency of
participants who received the intervention using IR. Thus, Tau-U was used for effect size
calculation.
Yanni
The visual analysis performed on Yanni’s graphed data showed a stable, slightly
downward trend during the baseline phase suggesting that Yanni’s performance was
stable before the intervention was introduced. Yanni remained in the baseline for five
days, and five baseline data points were collected. The average of all the data points in
the baseline phase was 15 correct responses. Stability in the baseline phase was evaluated
using the stability criterion (Neuman et al., 1995). The criterion for the baseline phase
was considered met because approximately 80% of the data points (i.e., four of the five
data points) fell within the 15% range (range = 12–17 correct responses) of the average
data points during the phase. The level of performance in the baseline phase was
determined by using the mean score of 15 correct responses and drawing a line
horizontally across the phase. Yanni was introduced to the intervention on the sixth day.
The level of performance in the intervention phase was determined by calculating the
average of all the data points (i.e., 26 correct responses) in the intervention phase and
drawing a horizontal line across the phase. Consequently, the mean level of performance
in the baseline and intervention phase showed a distinct change in level from baseline to
intervention. Also, an immediacy of effect was noted when the change in level was
calculated between the average of the last three data points in the baseline (i.e., 13 correct
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Figure 4
Fact Fluency Data
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responses) and the first three data points in the intervention (i.e., 24 correct responses).
Additionally, an upward trend was evidenced in the intervention phase. No overlap
between the range of data in the baseline phase (range = 12–17 correct responses) and the
range of data in the intervention phase (range = 21–30 correct responses), was evidenced,
indicating that a change in treatment has occurred. Although a little variability occurred
within each phase, a predictable pattern of change in performance was observed across
the phases, suggesting that Yanni showed improvement in recalling facts fluently after he
started practicing facts using IR. The visual analysis of Yanni’s data showed evidence of
a functional effect. Thus, the estimation of effect size was conducted using Tau-U (Parker
et al., 2011b) between the baseline and the intervention condition. The online Tau-U
calculator (Vannest et al., 2016) was used to analyze the baseline and intervention phase
contrasts for Yanni independently. The baseline trend was corrected, because a
statistically significant negative baseline trend was evident (p = 0.028). Calculation of the
effect size resulted in a large 1.0 Tau-U gain, indicating that the IR strategy was highly
effective in building subtraction fact fluency for Yanni.
Sasha
A visual analysis of Sasha’s graphed data was conducted. A stable, slightly
downward trend during the baseline phase was observed. Sasha remained in the baseline
for nine days, and eight baseline data points were collected intermittently. The average of
all the data points in the baseline resulted in a mean score of 6 correct responses. The
stability criterion that was used to verify stability in the baseline phase was considered
met because approximately 80% of the data points (i.e., six of the eight data points) fell
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within the 15% range (range = 4–7 correct responses) of the average data points. A mean
level of performance line was drawn using the mean score of 6 correct responses. On the
tenth day of the study, Sasha was introduced to the intervention while Yanni continued to
make progress, and the students in the baseline showed no change in the level of
performance. Only three data points were collected for Sasha in the intervention phase,
because the study was discontinued following the COVID-19 impact. The mean
performance level line was drawn using the mean score of 12 correct responses in the
intervention phase. In addition to a clear change in level from baseline to intervention, an
immediacy of effect also was noted between the average of the last three data points in
the baseline (i.e., 5 correct responses) and the three data points in the intervention (i.e., 12
correct responses). An upward trend in the intervention phase indicated that fact rehearsal
using IR helped Sasha to make progress in fact fluency. Further, the performance gain
was supported by no overlap in the range of performance data between the baseline (i.e.,
range = 4–9 correct responses) and the intervention phase (i.e., range = 11–13 correct
responses). A little variability was observed in both phases. However, a clear pattern of
responding across the phases showed evidence of a functional effect. Thus, Tau-U was
used to conduct an estimation of effect size between the baseline and the intervention
condition. No baseline trend was observed (p = 0.216). Analysis of effect size resulted in
a large 1.0 Tau-U gain, suggesting that IR strategy was highly effective in building
subtraction fact fluency for Sasha.
Simi
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A mostly stable baseline with low variability was observed. Ten baseline data
points were intermittently collected when she was in the baseline for 12 days. The slight
variability in the baseline was confirmed because the stability criterion was not satisfied.
That is, only 50% of the data points (i.e., five of the ten data points) fell within 15%
range (range = 17–23 correct responses) of the mean score of 20 correct responses in the
phase. A flat trend in baseline was observed while the fact fluency performance of Yanni
and Sasha continued to improve. Thus, Simi would have been the next participant to
receive the intervention. However, because of the sudden school closure, the treatment
was not administered to Simi.
Adam
The visual analysis of Adam’s graphed data suggested a generally stable baseline
with low variability. Adam remained in the baseline for twelve days, and nine baseline
data points were intermittently collected. The stability criterion to verify stability in the
baseline was not met because only 56% (instead of 80%) of the data points (i.e., five of
the nine data points) fell within the 15% range (range = 8–10 correct responses) of the
average data points of 9 correct responses in the phase. Consequently, a mean level of
performance line was used to examine the performance level in the baseline phase. The
baseline phase was to be prolonged for Adam because a slight positive trend was noticed
during baseline. Adam was likely to be the last participant to receive the intervention.
However, because the study was discontinued, the treatment was not administered for
Adam.
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In summary, a basic effect was noted for the two participants (i.e., Yanni and
Sasha) who received the intervention. This intervention effect was evidenced by the
positive change in both level and trend, with little variability after manipulation of the
independent variable (i.e., IR). Also, an effect size estimated using the Tau-U for Yanni
and Sasha separately, and the combined weighted average calculated for determining the
overall effect size of these two participants resulted in a large 1.0 Tau-U gain. However,
due to sudden school closure following the impact of COVID-19, the researcher was
unable to introduce the intervention to the other two participants, although their baselines
were stable. Thus, the intervention results for the last two participants are not provided.
Overall study results are reported in Table 6.
Table 6
Descriptive Statistics and Effect Sizes for the Effect of IR on Subtraction Fact Fluency
Student

Baseline

Intervention

Effect sizes

M (SD)

M (SD)

Tau-U

95% CI

Yanni

14.6 (1.95)

26 (3.2)

1.00

1.00 ± 0.584

0.0004**

Sasha

6.25 (1.91)

12 (1.2)

1.00

1.00 ± 0.200

0.0143*

Simi

19.8 (3.19)

NE

NE

NE

NE

Adam

9 (2.29)

NE

NE

NE

NE

p

Note. M = mean; SD = standard deviation; CI = confidence interval; NE = not estimated.
*p < .05. ** p < .01.
Oral Flashcard Pre- and Posttest
The fluency gain results from the oral flashcard pretest and posttest could have
provided additional information to address the first research question on the effectiveness
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of IR in building subtraction fact fluency. However, the proposed posttest was not
conducted because the study was discontinued following the impact of COVID-19. The
pretest that was conducted by presenting all the 100 subtraction facts one at a time to
each student individually before the study began showed the total facts the participants
recalled accurately within 2 s. Yanni recalled 41 facts, Sasha recalled 21 facts, Simi
recalled 34 facts, and Adam recalled 29 facts. Because the posttest results are not
available, the overall growth from pre- to post could not be examined. Also, the retention
of the specific target facts from the pretest practiced individually could not be examined
at posttest.
Next-Day Target Fact Assessment
The next-day assessment of target facts for participants in the intervention was
conducted to address the second research question about whether additional opportunities
to practice in two sessions compared to one session increased the accuracy of target facts
rehearsed. Though the latencies during the IR rehearsals were reduced from 3 s in
Session 1 to 2 s in Session 2, the latency of response during next-day target fact
assessment remained constant at 2 s for both sessions. Yanni completed six iterations
(i.e., two sessions in each iteration) of practicing facts. However, only five iterations were
available for analysis of the next-day target fact assessment. That is, the next-day
assessment data for the first session of the sixth iteration was collected, but the data for
the second session was not collected due to the school moving to online instruction
following the COVID-19 impact. Thus, for Yanni, only five paired observations from 10
sessions were available for analysis.
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For Sasha, data for only two iterations were available for analysis. The next-day
assessment data for the first session of the third iteration was collected, but the second
session assessment was not given, because the study was discontinued. Thus, only two
paired observations from the four sessions were available for analysis. Overall, the
number of paired observations across iterations were too few and the prerequisites were
not met to make a reliable calculation using the proposed t statistics. Because a
nonparametric test does not assume normality in the data, the Wilcoxon Signed-Rank
(Wilcoxon, 1945), a nonparametric test that compares two related data, was used to
evaluate the paired data of sessions across iterations. Results (see Table 7) indicated that
the number of target facts recalled in Session 2 is not significantly different than Session
1 (Z = -1.7, p = 0.0889). The median score was 2 correct responses in both Session 1 and
Session 2. Also, the observed standardized effect size indicates that the magnitude of the
difference was large (0.85), where an effect size of 0.1 is small, 0.3 is moderate, and 0.5
or above is large.
Table 7
Wilcoxon Signed-Rank Test Statistics of Target facts recalled in Session 1 and Session 2
Session 2–Session 1
Z

-1.7 a

p

0.08

d

0.85

Note. Z = z statistics; a = based on positive rank; d = effect size
p < .05.
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Further, to address the second research question, a detailed analysis of the nextday assessment was conducted to compare the first session and the second session of each
iteration for Yanni and Sasha separately (see Table 8). Then, the number of target and
previous target facts recalled accurately comparing Session 1 and 2 across iterations were
reported. Because the previous target facts had been target facts from earlier iterations
practiced in successive iterations until they cycled out, the previous target facts were
included in this analysis. The next-day assessment results were not reported for Simi and
Adam because they did not participate in the intervention due to sudden school closure.
Yanni
Yanni practiced facts for a total of six iterations (i.e., 12 sessions). He practiced a
total of nine facts in each iteration. In the first iteration, he practiced three target facts and
six already-known facts. Yanni recalled the same number of target facts (n = 3) and
known facts (n = 6) on the next-day assessments on both next-day assessments. In the
second iteration, Yanni practiced three target facts, three previous target facts (i.e., target
facts from the first iteration), and three already-known facts. He recalled more target facts
after the second session (n = 2) compared to the first session (n = 0). However, he
recalled the same number of previous target facts (n = 3) and known facts (n = 3) on both
sessions. Given the procedure of cycling out three known facts with the new target facts,
in the third iteration, Yanni practiced three target facts and six previous target facts (i.e.,
three target facts from each of the first and second iterations). Similar to the second
iteration, Yanni recalled more target facts after the second session (n = 2) compared to
the first session (n = 1). However, the number of previous target facts recalled after the
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Table 8

Descriptive Statistics of Target Facts Recalled on the Next-Day Assessment of Intervened Participants
Iteration

Yanni
Target facts

Sasha
Previous target facts

Target facts

Previous target facts

Session1

Session2

Session1

Session2

Session1

Session2

Session1

Session2

1

3 of 3

3 of 3

NA

NA

1 of 3

2 of 3

NA

NA

2

0 of 3

2 of 3

3 of 3 a

3 of 3 a

2 of 3

3 of 3

3 of 3 a

2 of 3 a

3

1 of 3

2 of 3

3 of 3 a

3 of 3 a

2 of 3

NE

2 of 3 a

NE

2 of 3 b

1 of 3 b

3 of 3 b

3 of 3 b

3 of 3 c

3 of 3 c

3 of 3 c

3 of 3 c

2 of 3 d

3 of 3 d

2 of 3 d

NE

3 of 3 e

NE

4

5

6

2 of 3

3 of 3

1 of 3

2 of 3

3 of 3

NE

3 of 3 b

Note. a, b, c, d, e = Refers to target facts from iterations one, two, three, four, and five respectively; NA = not applicable; NE =
not estimated.
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first session (n = 5) was more than the second session (n = 4). In the fourth iteration,
Yanni practiced three target facts and six previous target facts (i.e., three target facts from
each of the second and third iterations). Yanni recalled the same number of target facts (n
= 2) and the same number of previous target facts (n = 6) following both sessions. In the
fifth iteration, Yanni practiced three target facts and six previous target facts (i.e., three
target facts from each of the third and fourth iterations). No difference was observed in
the number of target facts (n = 3) recalled after the first practice session and the second
three target facts from each of the first and second iterations). Similar to the second
iteration, Yanni recalled more target facts after the second session (n = 2) compared to
the first session (n = 1). However, the number of previous target facts recalled after the
first session (n = 5) was more than the second session (n = 4). In the fourth iteration,
Yanni practiced three target facts and six previous target facts (i.e., three target facts from
each of the second and third iterations). Yanni recalled the same number of target facts (n
= 2) and the same number of previous target facts (n = 6) following both sessions. In the
fifth iteration, Yanni practiced three target facts and six previous target facts (i.e., three
target facts from each of the third and fourth iterations). No difference was observed in
the number of target facts (n = 3) recalled after the first practice session and the second.
Yanni recalled more previous target facts after the second session (n = 6) than the first (n
= 5). In the sixth iteration (i.e., last iteration), Yanni practiced three target facts and six
previous target facts (i.e., three target facts from each of the fourth and fifth iteration). He
recalled one target fact and five previous target facts after the first session. The next-day

131

assessment was not able to be administered after the second session, so a comparison for
the sixth iteration could not be made.
Overall, in two of the five iterations, Yanni recalled more target facts after the
second session than the first session. In three of the five iterations, Yanni recalled the
same number of target facts after both the first and second sessions. For previous target
facts, in two of the four iterations, the number of previous target facts practiced and
recalled were the same following both the first and second sessions. However, in the
other two iterations, Yanni recalled more previous target facts after the first session in
one iteration and more previous target facts after the second session in the other iteration.
Sasha
Sasha rehearsed facts in only three iterations (i.e., six sessions), and a total of nine
facts were practiced in each iteration. In the first iteration, Sasha practiced three target
facts and six known facts. She recalled more target facts correctly after the second
session (n = 2) than following the first session (n = 1). In the second iteration, Sasha
practiced three target facts, three previous target facts (i.e., target facts from the first
iteration), and three known facts. Similar to the first iteration, Sasha recalled more target
facts after the second session (n = 3) compared to the first session (n = 2). In contrast,
Sasha recalled more previous target facts after the first session (n = 3) compared to the
second session (n = 2). In the third iteration (i.e., last iteration), Sasha practiced three
target facts and six previous target facts (i.e., three target facts from each of the first and
second iterations). She recalled two target facts and five previous target facts after the
first session. However, the next day assessment for the second session of the third
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iteration was not administered because the study was discontinued. Ultimately, in the two
iterations, Sasha recalled more target facts after the second session than the first session.
Social Validity
The researcher intended to administer the social validity measure at the
completion of the study to address student perceptions of the IR strategy. However, it was
not administered due to the sudden discontinuation of the study. The researcher, though,
kept an anecdotal record of each student’s comments. Thus, the anecdotal statement and
observation collected during the intervention sessions for the two participants were used
to arrive at a tentative conclusion about student perceptions of using IR to improve fact
fluency.
Yanni
Yanni appeared to be eager and excited during all practice sessions. Yanni often
commented during practice sessions that he was able to remember the target facts
because they were related facts. For example, when practicing facts, he said, “I know this
because 7 - 3 = 4 and 7 - 4 = 3.” Also, when he got all the facts correct the next day of
practice when each fact was shown to him one-by-one, he asked, “Did I get all correct?”
and gave a fist bump to the researcher when he got all correct. At the end of each
iteration, after the written probe assessment was administered, he looked at his work for a
few seconds and said, “I think I did better than other days. What did I get?” The
researcher provided feedback about his progress using the graphed data, and he appeared
happy to see his progress. Yanni said, “See, I told you I did good.” “My mom said she
would buy me a phone if I did well.” Moreover, Yanni reported that the graph helped him
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to see how he was doing. He said, “I see the line going up, “I want to go to the top,” and
“I want to get more correct.”
Sasha
Sasha always showed a willingness to participate in the practice sessions,
although she needed frequent breaks to help her stay focused. After using the stress ball
or taking a short walk to the classroom door, Sasha often said, “I know I can say it now.”
She thanked the researcher for helping her to learn a lot of new facts and presented the
researcher with a handmade card the day after she got eight of the nine facts correct in the
next-day assessment. Sasha appeared to be happy to see her progress on the graph and
seemed eager to get more correct answers. She asked the researcher, “How did I do?”
When the researcher showed the graph, she said, “I want to show this to my mom” and
asked the researcher, “Will you give me a bunny eraser and pencil today for doing
good?”
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CHAPTER FIVE
DISCUSSION
Mathematics proficiency is attained when students progress from the acquisition
level (i.e., completing a skill with accuracy) to mastery level (i.e., executing a skill with
accuracy and fluency; Hasselbring et al., 1987). Fluency in basic math facts is one of the
essential prerequisites for solving higher order mathematical problems, a requirement in
attaining mathematics competency (NMAP, 2008). Especially when considering students
with mathematics difficulties (MD) with their related cognitive deficits and difficulty
with long-term retention (Geary, 2004), fact fluency may free up the cognitive load and
make cognitive resources available for solving more demanding tasks (Goldman &
Pellegrino, 1987). Repeated practice using evidence-based, drill-and-practice strategies
may facilitate recall of facts with accuracy and speed (Fuchs et al., 2008). Incremental
rehearsal (IR) is an evidence-based practice strategy that increased fact fluency (Burns,
2005). IR is a unique practice strategy because of the high percentage of already-known
items interspersed with unknown (i.e., new) items. Moreover, sequentially increasing the
intervals between unknown items supports transferring the unknown items from shortterm to long-term memory to promote better retention of those unknown items (Nist &
Joseph, 2008). The effectiveness and efficiency of IR have been investigated across a
variety of academic areas, including mathematics in building multiplication fact fluency
(Burns et al., 2012). However, prior to this study, no empirical studies have investigated
the effectiveness of IR in building subtraction fact fluency.
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Given that typical students are expected to be fluent in subtraction facts at the
beginning of third grade (Common Core State Standards; National Governors
Association Center for Best Practices, 2010) and owing to scant research in the area of
mathematics intervention, the primary purpose of this current study was to investigate the
effectiveness of IR in building subtraction fact fluency among elementary students with
MD. The secondary purpose was to determine whether additional opportunities to
respond across two sessions of practice increased students’ accuracy over one session of
target fact rehearsal. Last, the student’s perception of the acceptability of the treatment
was to be investigated in this study. Because of the sudden school closure following the
impact of the COVID-19 pandemic, this study was discontinued. Prior to discontinuation,
the intervention was introduced to only two of the four participants. Thus, results for only
two participants were reported. In addition, data collection for comparing the accuracy of
target facts in two sessions versus one session was not completed. Likewise, the social
validity assessment and 100 facts posttest were not conducted. Because the study was
interrupted, the interpretation of findings, and implications for practice based on
preliminary data need to be reviewed with caution. Study limitations and
recommendations for future research also are discussed.
Interpretation of Findings
Effectiveness of Incremental Rehearsal Strategy
Findings of the effectiveness of IR in building subtraction fact fluency suggest
that this practice strategy was highly effective for the two intervened participants. Visual
analysis of both students’ performance showed immediacy of effect from baseline to
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intervention, reasonable upward trend during the intervention phase, and no data overlap
between the baseline and intervention phase. Also, the effect size calculation showed a
large gain (Tau-U = 1.0) for both the intervened participants. Based on the results of the
two intervened participants, IR appeared effective in improving subtraction fact fluency.
Without replications across at least three participants however, results should be
considered tentative and viewed cautiously.
Additionally, an evaluation of the intervened participants’ fluency growth from
pre- to posttest could have contributed to the understanding of the effect of IR on fact
fluency. Because the pre- and posttest included all 100 subtraction facts, an analysis of
specific facts mastered compared to the particular facts selected for practice could have
been conducted had the posttest been given. Visual analysis and the effect size estimation
at the individual participant level, which is an advantage of using a single-case design,
suggest that IR is a promising strategy. Moreover, IR helped improve the subtraction fact
fluency for both the first participant who had learning disabilities in mathematics and the
second participant who was low performing in mathematics but not identified as having a
disability. This finding is consistent with the results of previous research (e.g., Burns,
2005; Burns et al., 2012), that IR is effective in improving fact fluency for students with
mathematics difficulties. The current study specifically addresses subtraction facts, thus
expanding the existing research literature of IR.
Additional Opportunities to Practice Target Facts
The findings from this study related to the second research question, which
examined whether additional opportunities for target fact rehearsal were required to
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increase the accuracy of facts, indicate the need for further investigation. Because the
school moved to online instruction following the pandemic, final results were not
available. However, interpretation of findings based on available preliminary data are
discussed.
The intended paired t-test for comparing sessions one and session two across
iterations could not be used, because too few pairs were available for analysis. Prior to
discontinuation of the study, only five paired observations for the first participant and two
paired observations for the second participant were available at the end of the last
iteration of treatment. The last two participants were not intervened. Consequently, a
nonparametric analysis was used to calculate potential differences in accuracy on the
practiced target facts. However, the next-day assessment did not reveal differences in
accuracy, although the p-value approached significance (p = .08). Thus, addressing this
question in a replication study is warranted. Examination of factors that lead to
potentially better retention or to greater efficiency with the procedures is recommended.
Each of the two intervened participant’s data in session one and session two were
examined in detail, and findings were reported.
Despite lack of a significant difference at the set probability level but because
the p-value approached significance, accuracy on the next-day assessment for both
sessions was examined more closely. Findings revealed that the intervened participants
either recalled more target facts in the second session or maintained the level of accuracy
from the first session across iterations. Each of the three target facts practiced across both
sessions of their first iteration had the same number of opportunities to practice (i.e., 24)
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but the practice opportunities for each of the three introduced target facts differed across
the successive two iterations before cycling out. Thus, the first target fact introduced had
a total of 66 opportunities for practice, the second target fact had 54, and the third fact
had 44 opportunities. For both the intervened participants, all three target facts introduced
in an iteration were recalled with accuracy in the last session of their last iteration of
practice before they cycled out. What would have been important to determine was the
accuracy of these three facts on the posttest when every fact would be assessed. If the
first target fact was more accurate across iterations and participants, this finding affirms
previous research (e.g., MacQuarrie et al., 2002; Burns, 2005; Pool et al., 2012; Burns et
al., 2016) that repetition and additional opportunities to practice new items leads to fluent
fact recall and promotes long-term retention. If, however, student performance on the
third new fact with relatively fewer opportunities for practice was as accurate on the
posttest as the first and second target facts, then recommendations for adjusting the
treatment procedures to make them more efficient would be in order. In this current
study, fact rehearsal procedures across sessions followed recommendations provided in
high-quality study literature. For example, systematically reducing latencies (Hasselbring
et al., 1987) from 3 s to 2 s, introducing one target fact at a time (Tucker, 1989; Burns,
2005), presenting no more than three target facts in each session (Hasselbring et al.,
1988), and repeated opportunities to respond with each target fact across multiple
sessions (MacQuarrie et al., 2002) were considered as essential features to increase
fluency and facilitate long term retention. With replication of the current study design
implemented to completion, further recommendations for treatment procedures likely
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would be possible, discussing ways either to make them more efficient (i.e., reduce
opportunities to respond or equalizing the number of opportunities to respond) or adjust
traditional IR procedures to include an additional session of practice on the same target
facts. In addition, another important feature to examine would be maintenance effects.
Because the ultimate goal is long-term retention, the posttest as well as probe data
collected after the study concluded would have been important to collect. Unfortunately,
these data were not available due to sudden disruption of the study. Because the data
from this study were too premature to arrive at a definite conclusion, future research
addressing the second research question is warranted.
Student’s Perception About Using Incremental Rehearsal Strategy
The rating scale (i.e., self-report data) addressing the third research question on
the student’s acceptability of the IR treatment was not available because the study was
discontinued. Of the five studies using IR in mathematics, only one study (McVancel et
al., 2018) assessed social validity. Because social validity results are essential to classify
a study as having a positive effect (Cook et al., 2015), this information from the current
study would have contributed to better understanding of the effectiveness of IR in
mathematics. This information would have helped the researcher in examining how the
practice strategy impacted the students who were introduced to the treatment. Results
may have contributed to ways the treatment or assessment procedures could be modified
to enhance treatment effectiveness or acceptability. Although the social validity was not
administered, the researcher observed positive emotional student responses, such as
nodding and giving a fist bump. Both students appeared excited about their progress and
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made positive student statements such as, “I want to get more correct,” and “I know I
can say it now.” Thus, based on anecdotal observations and statements, the researcher
arrived at a tentative conclusion that the IR treatment was acceptable by the intervened
participants.
Implications for Practice
A definite conclusion about this study could not be drawn, because this study was
discontinued. However, findings from this study and evidence from previous research
findings (e.g., Burns, 2005; Burns et al., 2012) support the implementation of IR to
increase fact fluency of students struggling in mathematics. Given that students with MD
have working memory deficits (Geary, 2004) and require intensive, deliberate practice to
promote long-term retention of new items (Fuchs et al., 2010), IR can potentially serve as
a practice strategy to increase fluency, reduce the cognitive load, and attain mathematics
proficiency. The IR procedure and the integrated features of IR have implications for
classroom practice.
This IR procedure used an explicit instructional approach, including the modeling
of the target facts, scaffolded instruction, multiple opportunities to practice the same fact,
and provision of corrective feedback. Findings from high-quality studies reported in
NMAP (2008) indicated that students with MD show positive growth in basic skills when
provided instruction using an explicit instruction approach. Also, the distributed practice,
which is another essential feature of explicit instruction (Archer & Hughes, 2011) that
has shown to increase fact fluency (Fuchs et al., 2019), was used in this study when
rehearsing facts. For example, target facts practiced in the previous iterations were
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presented again, along with the new target facts during subsequent iterations. This
procedure (rather than pulling randomly from prior facts already assessed as fluent)
potentially could have contributed to the increased accuracy of all the previous target
facts before they cycled out of the treatment. Using an explicit instructional approach to
model the target fact before target fact practice also may be beneficial for students with
MD to improve fact fluency.
Another important feature of the IR that has implications for practice is repetition
or multiple opportunities to practice the same target fact. In this study, the number of
opportunities to practice ranged from 44–66 for target facts that cycled out after being
recalled with accuracy. Research indicates that fluency interventions that allow for ample
timed practice opportunities can lead to developing automaticity in basic facts (Daly et
al., 2007). Also, the repeated practice of new items spaced over time can lead to
developing basic facts fluency (Hasselbring, 1988). The practice using IR can potentially
lead to improved accuracy and fluency of basic facts and, thereby lead to long-term
retention, because the IR procedure involves presenting new target facts in increments
while interspersing with already learned or practiced facts. The incremental nature of IR
enables the unknown items to move from short-term to long term memory to promote
long-term retention, optimizing opportunities to practice (Nist & Joseph, 2008).
Another salient feature of this study that has implication is the CBM (Deno, 1985)
probes used in this study for examining fluency growth of students. CBM probes have
been used as a dependent measure in previous studies (i.e., Burns, 2005; Codding et al.,
2010; McVancel et al., 2018) to investigate IR in improving fact fluency. CBM is an
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empirically validated progress monitoring method that uses brief, reliable, and valid
measures to monitor students’ progress over time (Deno, 1985). Teachers can use the
commercially available CBM probes or use alternate forms of researcher-created probes
as in this study to assess fact fluency. Because standardized procedures are used in the
administration and scoring of CBM probes, teachers can report with confidence the
fluency level of students and use the information to make instructional decisions across
time.
Based on the review of five studies that used IR to improve math fact fluency
(i.e., Burns, 2005; Codding et al., 2010; Burns et al., 2016; McVancel et al., 2018; &
Burns et al., 2019), it was evident that introducing a small number of target facts ranging
from 3-6 per session was effective in increasing fluency, retention, and generalizing
effect. In the current study, only three target facts were in each iteration and the effect
appeared to be strong for the intervened participants. Hasselbring (1988) recommended
choosing only a few target facts to practice during each session to facilitate easier storage
and later retrieval from memory. Thus, researchers and educators may consider
introduction of a limited number of target facts for fluency practice during individual
practice sessions.
Finally, the findings of IR as a promising strategy in this study have implications
both for teachers working with students with disabilities and students who are low
performers. In this study, the treatment was introduced to one participant who had
learning disabilities in mathematics and another participant who was low performing in
mathematics. However, both students struggled with basic fact fluency. Although a
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functional relation was not established owing to lack of the requisite replications of
experimental effect in this study, the large effect size for both the intervened participants
hold promise for teachers to use the IR strategy in building fact fluency for this
population of vulnerable students. In addition, for students with MD, fluency building at
early grades would likely facilitate retrieval of facts quickly and accurately from memory
rather than relying on immature strategies such as finger counting (Hasselbring, 1988).
Also, fact fluency prevents students from experiencing difficulty in later years when tasks
become more complex (Jordan et al., 2009). Thus, teachers could consider using the IR
practice strategy for students with MD to increase fact fluency at elementary grades to
prevent difficulty at later grades. Although, IR implementation is feasible and practical, it
may be important for teacher to understand the underlying principles upon which the
treatment procedures were developed. Teachers or paraprofessionals could serve as the
interventionist. Implementation of IR is cost-effective, because IR utilizes simple
flashcards with a system for recording student responses.
Limitations
Although the current study findings hold promise for further investigation of the
effectiveness of IR in improving fact fluency, this study has some limitations. First,
because of sudden school closure, the study was discontinued, and additional replications
of experimental effect were not demonstrated. Thus, the requisite for meeting the What
Works Clearinghouse standards for high-quality studies to demonstrate a strong
functional relation was not established (Kratochwill et al., 2010). Lack of demonstration
of a causal relation may pose a potential threat to internal as well as external validity,
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because it becomes an important issue for systematic replication and for establishing
generalization across participants. Thus, the results of this study should be viewed with
caution.
Second, a limited sample size was used for investigating the effectiveness of IR in
this study. The use of limited sample size in a single-case research design may support
the practical convenience involved in implementing research in schools when compared
to handling a large sample of students. However, a sample size of four participants used
in this study with only two participants introduced to treatment poses a challenge when
generalizing findings of this study.
Third, the implementation of treatment using IR follows a systematic procedure
where each target fact has to be presented in increments interspersed with known facts.
Thus, a teacher or an interventionist implementing this treatment for the first time may
require some practice and training in organizing the materials and presenting the
flashcards in a sequential manner in contrast to the traditional model of practice (i.e., all
target facts) in which the presentation of flashcards requires little, if any, training. Given
that the amount of time that is available to teach students specific skills is also a concern
in the education setting (Kennedy, 2005), implementation of IR with individual students
potentially could be time-consuming.
Fourth, due to the sudden school closure following the pandemic, neither the
posttest to examine fluency gains for specific facts nor the social validity assessment to
measure student’s acceptability could be conducted. Hence, the researcher was not able to
arrive at a definite conclusion about the number of sessions and opportunities for practice

145

were required for accuracy in the short term or for longer term retention. Additionally,
student satisfaction with the procedures were not able to be assessed systematically.
Recommendations for Future Research
First, findings from this study based on preliminary data provide evidence that IR
is a promising strategy, contributing to the existing literature of IR. Unfortunately, data
are considered only suggestive, or promising, because at least one more replication was
needed to establish a functional relation and to draw a firm conclusion. However, due to
the sudden school closure, the study was discontinued. Hence, future research replicating
this study as planned with demonstration of an experimental effect for at least three
participants would make a more valuable contribution to the field of IR research.
Second, findings from the current study are premature with respect to the
secondary question about whether additional opportunities for rehearsal in a second
session significantly improved the accuracy and fluency of target facts. Because the study
treatment included only two participants prior to discontinuation, a total of only seven
paired comparisons could be made across iterations. Had the study been completed as
designed, at least 30 paired comparisons could have been evaluated. Given
recommendations in the literature for improving accuracy, fluency, and, ultimately, longterm retention through multiple opportunities to respond (Rivera & Bryant, 1992;
MacQuarrie et al., 2002; Pool et al., 2012), future research may compare the relative
advantages of two practice sessions of the same facts against the more efficient strategy
of one practice session. Balancing efficiency with the development of fluency and longterm retention has important implications for classroom instruction. In this study, a
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posttest of all facts included in the intervention and maintenance probes at the end of the
study would have allowed the researcher to examine whether additional opportunities to
practice the target facts in the second treatment lead to increased long-term retention.
Additional research using a variation of IR in an alternating treatment design could be
conducted for a comparative analysis of two sessions of practice over one session. An
alternating treatments design may allow the researcher to administer the two treatments
comparing one session to two sessions of practice by rapidly alternating with each other
and examining whether the response differentiation between or among the sessions
occurred.
Third, social validity was not conducted in this study, so student perceptions
could not be assessed about the overall procedures and whether practicing related facts
helped them to learn facts fluently. However, based on one of the student’s comments
and the evidence of the effectiveness of IR for that intervened participant, it could be
inferred that using related facts for practice helped the student to retrieve target facts
better. Although previous studies using IR in mathematics (e.g., Codding et al., 2010)
discussed the selection of computational facts for constructing probes, no studies using
IR in mathematics to date have described the specific process of selecting specific target
facts for intervention other than the random selection of unknowns or targeting facts that
commonly seem difficult for students to learn. However, a systematic and sequential
approach was used in this study to select the target facts. When related facts are selected
for practice and introduced together, it may help students to see the counting relationship
between facts, and, thereby, reduce the cognitive load of having to remember each fact in
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isolation (Hasselbring, 1998; NRC, 2001). Future research could investigate the
effectiveness of IR when target facts are introduced in a sequential and planned manner
for fluency practice.
Furthermore, despite the current study findings showing IR as a promising
strategy and previous research demonstrating the effectiveness of IR in different
academic areas, research in the area of mathematics using IR is still in its infancy. Hence,
future research investigating the effectiveness of IR in other mathematical operations, in
other grade levels, and for students with MD-only as well as with comorbid mathematics
and reading difficulties (MD & RD) may be beneficial in supporting generalizations
about IR.
Conclusion
Incremental rehearsal has robust empirical evidence for students with or at-risk of
learning difficulties in mathematics. Nevertheless, students with comorbid MD & RD
continue to experience challenges in all areas of mathematics past their second and third
grade. Both students with comorbid MD & RD and MD-only experience constant
challenges with math fact retrieval (Jordan et al., 2003b). Although all four participants in
this study had MD, three of the four students had reading difficulties as well. Given that
the IR intervention was effective for the intervened participants, it is likely that students
with MD-only, as well as students with comorbid MD & RD, may benefit from repeated,
intensive, one-on-one practice, using this evidence-based practice strategy to build fact
fluency. Previous research using IR in mathematics supports the effectiveness of IR, and
the current study confirms IR as a promising strategy. Replication of the current study is
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needed however, to draw more definite conclusions and to provide clearer implications
for practice.

149

APPENDICES

150

APPENDIX A
Student Information Form
Student Name Grade

Does the
student have a
disability?
Yes/No
If yes, type of
disability

For students with a
disability, does the
student have an IEP goal
addressing mathematics
calculations?
Yes/No

Does the student
have trouble
recalling
subtraction
facts?
Yes/No

Does the student
attend school
regularly and
would the student
likely cooperate
with me? Yes/No

Person Completing the Form _______________________________________
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APPENDIX B
Demographic Form of Participating Students

Student Name

Grade

Age

Gender

Person Completing the Form ____________________________
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Race

APPENDIX C
Teacher Questionnaire: Mathematics Instruction
Thank you for taking the time to complete this questionnaire. Your responses will help
me determine what type of instruction students are receiving during the fact fluency
study. I will not share any information you provide with your administrators unless you
give me permission to do so. This questionnaire is NOT evaluative; I am not judging
what or how you teach mathematics in your classroom. I simply need to know what type
of instruction the research participants are receiving during the study.
Please let me know if you have any questions or concerns.
-----------------------------------------------------------------------------------------------------------Teacher Name:
Grade or Teaching Position:
1. Please describe the type of mathematics instruction you provide to this particular
research participant (insert name or initials). Examples could include concepts and
reasoning of basic number concepts, meaning of operations, automatic recall of number
facts, problem solving, and so forth. Please note that it is fine if this student receives the
same instruction as everyone else in the group or classroom.
2. Does this student receive special services or supplemental instruction in mathematics?
If so, please describe.
3. Do you use a commercial program or published mathematics curriculum with this
student? If so, which one?
4. Do you develop some of your own mathematics curriculum and/or activities to use
with this student? If so, please describe them or under what conditions you develop your
own methods or materials.
5. How many minutes of mathematics instruction does this student typically receive per
day?
6. How often, that is, minutes per day or minutes per week does this student typically
spend practicing number facts? Describe.
7. What types of mathematics assessments do you use with this student? Examples might
include pretest, timed fact fluency assessment, unit tests, mixed review assessments,
progress monitoring, and so forth.
8. What else should I know about the instructional delivery and assessment methods that
you (or others) use with this student?
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APPENDIX D
Informal Student Interview
Eligibility: Students nominated by the teacher are interviewed to verify achievement
status prior to the intervention. To determine that students understand the process of
subtraction, the researcher interviews students individually. Asking students to show how
to solve a basic subtraction fact and asking why questions will aid the researcher in better
understanding the help the student’s thinking about the operation of subtraction. The
researcher will observe the student solving a problem, creating a representation, or using
concrete objects. The researcher may ask probing questions to gauge student reasoning
and justification for problem solving.
Session time for each student: Approx. 5 minutes
Setting: Familiar environment and free from distraction.
Materials: Paper, pencil, cubes, blocks, pennies, colored pencils, and markers.
Procedure
The interventionist will start with an informal conversation with the student and then
explain that the interview is not a test for a grade but is intended to find out what the
student understands about subtraction. The researcher will read directions and questions
and will repeat or rephrase when necessary. Wait time is allowed for students to think,
and the researcher will record in writing the student’s oral responses and explanations.
Directions:
Say: Hello, __student name___. I hope you are having a good day. My name is Friggita
Johnson. I would like to see what you know about working with numbers so that I can
help you better to learn math. Thank you for being willing to work with me. First, let’s
work on addition. Please listen and watch as I solve the problems.
Addition problems written on index cards are shown and read aloud to the students. The
interventionist points to each number as she reads–two problems are modeled to each
student. The interventionist will use blocks or pennies to demonstrate the problem.
Teacher (T): Here is an addition fact, [shows a card with 5 + 2 =
written on it and
reads] 5 + 2 equals how many? Hm [Pause]. I have 5 red blocks [place 5 blocks on the
table]. I have 2 green blocks [place 2 blocks on the table]. How many do I have
altogether? Now, I am going to count all the blocks [place a finger on each block when
counting] 1, 2, 3, 4, 5, 6, 7. [Repeat 7] I have 7 blocks altogether. So, 5 + 2 = 7.
T: Let’s try another problem, [shows a card with 3 + 6 =
written on it and reads]
3 + 6 equals how many? Hm [Pause]. I have 3 blue blocks [place 3 blocks on the table]. I
have 6 yellow blocks [place 6 blocks on the table]. How many do I have altogether?
Now, I am going to count all the blocks [place a finger on each block when counting] 1,
2, 3, 4, 5, 6, 7, 8, 9 [Repeat 9] I have 9 blocks altogether. So, 3 + 6 = 9.
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Appendix D (Continued)
T: Thank you for listening. Now, I am going to ask you to find answers to some
subtraction problems. These problems will not be graded or timed. Please try to do your
best to answer them.
I will reward you with stickers for each problem you answer. I will show you one
problem at a time written on index cards. I will read each problem aloud to you. You can
use the blocks or pennies that I have in this box to show me how you would find the
answer to the problems. Sometimes, I might ask you to repeat what you said to be sure
that I understand your thinking. Do you have any questions before we begin?
Pause, wait for students to ask questions.
T: Tell me what it means to subtract? [pause]
Student (S): [student responds]
T: [explain if the student doesn’t know or provides an incorrect response] [if correct
response provided, say] Yes, that’s correct.
T: Here is a subtraction fact [Show the card with 7 - 2 =
on it] 7 - 2 equals how
many? Now, show me how it works with these blocks [point to the blocks in the box].
Jack has 7 blocks. He gives 2 blocks to his brother. How many blocks does Jack have
now?
Possible answer
S: [Student reads, thinks] seven minus two equals ….. Hm [pause] seven [places 7 blocks
on the table] one, two [takes away two blocks from the table and counts the remaining
blocks] one, two, three, four, five. Five.
T: Yes. 7 - 2 = 5. That’s correct. Here is another subtraction fact. [Show the card with 9 6=
on it] 9 - 6 equals how many? Now, show me how it works with these blocks
[point to the blocks in the box]. You have 9 blocks. You gave 2 blocks to me. How many
blocks do you have now?
S: [Student reads, thinks, shows how to find the answer to the problem using blocks]
If correct response
T: Yes. 9 - 6 = 3. That’s correct
If incorrect response, note down if the incorrect response is due to error in counting or
because of lack of fact knowledge.
T: Good try! 9 - 6 = 3. Here is another subtraction fact. [Show the card with 3 - 1 =
on it] 3-1 equals how many? Now, show me how it works with these blocks [point to the
blocks in the box]. Bob has 3 blocks. He dropped one block. How many blocks does he
have now?
S: [Student thinks, shows how to find the answer to the problem using blocks]
T: Here is another subtraction fact. [Show the card with 5 - 0 =
on it] 5 - 0 equals
how many? Now, show me how it works with these blocks [point to the blocks in the
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box]. Jon has 5 blocks. He did not give his blocks to anyone. How many blocks does he
have now?
S: [Student thinks, shows how to find the answer to the problem using blocks]
T: Here is another subtraction fact. [Show the card with 10 - 4 =
on it] 10 - 4 equals
how many? Now, show me how it works with these blocks [point to the blocks in the
box]. Tara has 10 blocks. She lost 4 blocks. How many blocks does he have now?
S: [Student thinks, shows how to find the answer to the problem using blocks]
Record the student’s response and any strategy that the student uses to solve the problem
using Table 5. Accept self-correction as a correct response. If the students do not respond
after sufficient time, prompt by saying, “Here are __ blocks, how many do you have to
take away to find ___-___?
If students respond rapidly without using blocks, follow up with prompt and discussion.
Some common questions that can be asked, “How did you figure out the answer? or “how
do you know that __-___ = ___?” and “Is there another way to solve this problem?” In
case the student self-corrects, ask, “Why the student changed their response?” If the
student’s explanation is not clear, ask the student to explain again. Record the student’s
explanation. Record the strategies the student use.
Other prompts or question to ask:
• How did you figure that out?
• Why did you change your mind (answer)?
• Are you right? How do you know?
• Is there another way to show me? What is it?
Student Interview Responses
Student Name: ___________________________

Problems

Correct response

Incorrect response

7–2=
9–6=
3–1=
5–0=
10 – 4 =
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Date: ______________________

Comments

APPENDIX E
Basic Subtraction Facts Matrix
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APPENDIX F
Sample Math Probe
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APPENDIX G
Administration and Scoring of Basic Subtraction Fact Probes
Materials:
Subtraction fact probes, pencils, stopwatch
Probes:
The researcher will create single-skill subtraction probes. Each probe will include all 100
basic subtraction combinations. Each of the probes will be different but equivalent in terms
of difficulty. The subtraction facts are randomly but systematically distributed in ten rows
and ten columns. In other words, each row will have a fact with a different subtrahend. For
example, a row may have the following subtraction facts 2-1, 5-0, 6-2, 9-9, 8-4, 10-5, 14-8,
4-3, 11-6, 13-7.
Administration and Scoring of Subtraction Fact Probes
Standardized procedures are used in the administration and scoring of the probes that remain
consistent through the data collection process. The probes are administered individually for
two minutes. Students answer the subtraction facts as quickly as they can within 2 minutes.
Directions for Administration of Probes
(Interventionist reads directions to the student)
Now you are going to take a quick test for two minutes. I want you to answer as many
subtraction facts you can that are given in the test. I want to see how quickly you can write
the answers to subtraction facts. You will be taking this test frequently because I would be
checking to see if you are making improvements quickly and correctly writing answers to the
subtraction facts. I want you to work as quickly as you can by writing the correct answers to
facts that you know and by skipping items you don’t know. You will be timed for two
minutes.
Do you have any questions?
(Pass out a pencil and the test face down)
Please leave the test face down until I say, “Begin.”
When the student is ready, the interventionist says, “Turn your test over, and begin.” The
interventionist starts the stopwatch for 2 minutes. When 2 minutes have elapsed, the
interventionist says, “Stop working and put down your pencils.” The interventionist then
collects the test.
Directions for Scoring the Probes
The probes are scored and graphed by the researcher for speed and accuracy by calculating
the numbers of digits correct per minute. Students will be awarded one point for each correct
response and zero for each incorrect correct, or blank responses attempted within the 2
minutes. Reversed or rotated digits (i.e., 3 as Ɛ) are counted as a correct response unless
digits appear as another digit because of the change in position (i.e., 6 and 9).
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APPENDIX H
Adapted Version of The Kids Intervention Profile
Check the box that best describes your response.
1. How much did you like using flashcards to practice subtraction facts with me?

2. How much did you like practicing the subtraction facts that you already knew?

3. How much did you like being told how many subtraction facts you answered
correctly and quickly?
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4. How much did you think taking the 2-minute fact test help you to remember the
facts?

5. How much did you like looking at your scores on the graph?

6. How much did you think looking at your scores on the graph helped you to do better?

161

Appendix H (Continued)
7. How much do you think learning your subtraction facts has improved from the start
of our flashcard practice to now?

8. What did you like the most about working with me on subtraction facts? (Tell me
more.)
––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
9. Is there anything that you would change to make practicing subtraction facts better?
(Tell me more.)
––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
10. Would you like to practice spelling words or sight words using flashcards the same
way? (Why/Why not?)
––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

Source: Adapted from Eckert, T. L., Hier, B. O., Hamsho, N. F., & Malandrino, R. D. (2017).
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APPENDIX I
Guidelines for Selection of Target Facts
1

Based on the pretest results, an individual fact matrix was created to serve
as a visual representation of fluent and potential target facts. Each cell
showed a fact presented during the pretest. Fluent facts were grayed out.

2

Consistent with previous research (e.g., Burns, 2004; Burns et al., 2016;
Burns et al., 2019), three target facts were chosen for each session.

3

Easier target facts were introduced to rehearse first by capitalizing on
prior knowledge. That is, target facts were chosen by building on already
fluent facts and then the difficulty of target facts were slowly increased.

4

Facts were targeted in a systematic and sequential manner by building on
students’ prior knowledge. That is, target facts appearing near already
fluent facts on the matrix or target facts that were the reverse of already
fluent facts were chosen.

5

When possible, related facts were introduced together. This helped
students to see the counting relationship between facts. For example,
when students automatized 2-1, 3-1, 4-1, then 5-1, 6-1, 7-1, 8-1, 9-1, was
introduced or the reverse of the specific series of facts, (i.e., the reverse of
three number fact families, 6-1=5; 6-5=1). The introduction of the fact
families was intended to reduce the cognitive load of the student having to
remember many isolated facts. For example, if the student knew one fact,
they may more easily learn its reverse.

Source: Adapted from Hasselbring, T. S. (1988); Stein, M., Kinder, D., Rolf, K., Silbert,
J., & Carnine, D. W. (2018).
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APPENDIX J
Directions for Using the Incremental Rehearsal Strategy
The interventionist works with each student individually.
Before intervention begins:
1. Each rehearsal iteration is comprised of two practice sessions (on separate days).
2. Prior to the iteration, three target facts are selected from unknown facts on the Pretest using a
systematic approach. Examining the assessment matrix of student performance on the Pretest, the
interventionist selects related facts (to each other or to student’s already known facts) as new
facts for instruction. For example, reverse facts for already known facts may be selected
(illustrating commutative property), or a series of facts (e.g., 7 – 3 =, 8 – 3 =, 9 – 3 =) may be
targeted, when possible.
3. Six fluent facts are selected randomly from the Fluent stack.
4. All facts selected for practice are assessed prior to the rehearsal iteration to verify that facts are
still either fluent or remain as target facts. Back-up facts from appropriate Target and Fluent
Facts will be checked and will replace originally selected facts when student performance is
discrepant from the Pretest.
Iteration 1, Session 1:
Modeling
1. Present the first target fact; model the fact and its correct response
Hello student name, today, you are going to practice three new facts. However, I will show only
one new fact at a time, and we will practice that new fact before we move on to the next fact. (do
you have any questions before we begin?)
2. Interventionist says, “Here is the first new fact; four minus two equals two.”
3. Interventionist says, “My turn, four minus two equals how many?” and the interventionist
continues to say “Two.”
4. Interventionist says, “Now, let’s practice together. Say the fact and the answer with me.”
5. Interventionist and the student says, “Four minus two equals two” (If the student doesn’t say
with the interventionist or hesitates to get started, the interventionist would repeat “Four minus
two equals two” and says, “Let’s practice together, say with me.”)
6. When the student says the fact and the answer with the interventionist, the interventionist
provides verbal praise.
7. Interventionist says the fact without saying the answer but prompts the student to give a correct
answer. Interventionist says, “Now I will say the fact and ask you for the answer: Four minus two
equals how many?” (The student says, “Two.”)
8. The interventionist repeats, “Yes, four minus two equals two.”
9. The interventionist asks the student to restate the fact and answer. “Your turn to say. Say the
fact and the answer all by yourself.” (e.g., The student says, “Four minus two equals two.”). If
correct, the interventionist provides verbal praise and repeats, “Yes, four minus two equals two.”
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Incremental Strategy

10. If incorrect, the interventionist says, “Let’s try again. Four minus two equals two. Your turn.”
(e.g., the student says, “Four minus two equals two.”)
11. Interventionist says, “Now I want you to tell me just the answer as quickly as you can when I
show you the card.” After having the card face down, the interventionist shows the card. The
student says the correct response. The interventionist repeats this twice.
Rehearsal
The student is expected to provide a correct response for the fact presented within 3 seconds.
1. The interventionist says, “Now let’s practice, I am going to help you say this new fact quickly.
We are going to practice this new fact along with some facts that you already know. When I show
you the facts one by one, you should say only the answer as quickly as you can. If you don’t give
the correct answer in 3 seconds, I will help you.” The interventionist says “this is how much time
3 secs take” interventionist counts 1001, 1002, 1003 while showing the card to the student.
2. After the first target fact is presented, the student answers aloud.
3. Any time the student misses a fact or fails to answer within 3 seconds, the interventionist
models the fact (statement and answer) and asks the student to read the statement and answer
correctly. After having the card face down, the interventionist shows the fact again and asks the
student for the correct answer.
4. Present the first fluent fact, and the student answers it correctly.
5. Present the first target fact again, and the student answers it correctly.
6. Present the first fluent fact.
7. Present the second fluent fact.
8. Present the target fact again.
9. Present the first, second, and third fluent facts one after the other.
10. Present the first target fact again.
11. Present the first, second, third, and fourth fluent facts.
12. Present the first target fact again.
13. Complete this sequence of presenting the first target fact with the six fluent facts
14. Now, the first target fact is replaced with the second target fact. The first target fact now
becomes the first fluent fact; the first fluent fact becomes the second fluent fact, and the second
fluent fact becomes the third fluent fact and so on. The last fluent fact is removed.
15. The interventionist says, “Now we are going to work on a new target fact.” (Return to Step #2
in modeling and continue until Step #13 in Rehearsal).
16. Similarly, model and practice the second target fact as the new first target fact.
17. Complete this sequence of presenting the second target fact with the six fluent facts.
18. Now, the second target fact is replaced with the third target fact. The second target fact is now
the first fluent fact; the first fluent fact (i.e., the old first target fact) becomes the second fluent
fact; the last fluent fact is removed.
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19. The interventionist says, “Now we are going to work on a new target fact.” (Return to Step #2
in modeling and continue until Step #13 in Rehearsal).
20. Model and practice the third target fact.
21. Complete this sequence of presenting the third target fact with the six fluent facts.
22. The total number of flashcards in the deck is always seven (i.e., with six fluent facts and one
target fact).
23. Repeat the process until all three target facts have been practiced in the cycle.
Iteration 1, Session 2
1. The same set of three target facts used in the first session are modeled and rehearsed.
2. However, the order of fact presentation is altered. The third target fact is introduced first,
followed by the second target fact, and, finally, the first target fact.
3. The sequence of fluent facts remains the same as in the first session.
4. The student is expected to provide a correct response to the fact presented within 2 seconds.
5. Now, the response time is reduced to 2 seconds.
6. The interventionist says, “Today, we are going to practice the facts we practiced yesterday, but
you have to answer faster within 2 seconds.”
Subsequent Iterations
1. Three new target facts are chosen from missed problems on the Pretest and are checked prior to
the iteration to make sure they are still unknown to the student.
2. The three target facts previously rehearsed in the first iteration now become the first three
Fluent facts, replacing three of the previously used Fluent facts.
3. Three new fluent facts are selected randomly from the master Fluent stack.
4. Practice sequence is completed in the same way as the previous iteration.
5. For the first session in each practice iteration, the student is expected to provide the correct
response for the fact presented within 3 seconds, and for the second session in each iteration, the
student is expected to prove the correct response within 2 seconds.
Note: Three target facts chosen for each iteration will become the first three fluent facts in the
subsequent iteration until they are replaced with new fluent facts (i.e., they cycle out of practice
several sessions later.) At the beginning of each day’s session (excluding the first session of the
first iteration), the student is assessed on retention of all nine facts practiced during the previous
day’s session. Each fact is presented one by one to the student. Facts that a student can recall
correctly within 2 seconds are considered retained, and feedback is given to the student on their
performance (i.e., the number of facts recalled in 2 seconds). At the end of each iteration (i.e.,
after two consecutive sessions), a 2-minute timed probe on all 100 subtraction facts is
administered. The student’s performance on the 2-minute timed probe is shown to the student on
a graph at the beginning of the first session of the next iteration
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APPENDIX K
Incremental Rehearsal Treatment Integrity Checklist
Date:
Iteration:

Observer:
Student:

Before Intervention
Yes No
1. The facts selected for practice are verified whether they are still fluent and
target facts before rehearsal and replaced with back-up facts if required
(only at the beginning of the first session).
First session/Second session (circle the appropriate session)
Modeling
2. The first target fact and its correct response modeled.
3. The student practices with the interventionist. The interventionist says the
fact without the answer. The student is prompted to give a correct
response.
4. The interventionist repeats. Says the fact and the correct response.
5. The student is asked to restate the subtraction fact orally and provide the
correct answer.
6. The target fact is practiced until the student can say the correct response
when the interventionist shows the card without any prompt.
Rehearsal
7. (The student is expected to provide correct response for the fact presented
within 3 s for the first session and within 2 s for the second session.)
8. The first target fact is presented, the student answers aloud.
9. When student misses a fact or fails to answer within the required seconds,
the interventionist models the fact (statement and answer), and the student
reads the statement and answer correctly. The interventionist shows the
fact again that is face down and the student says the correct answer.
10. The first fluent fact is presented, the student answers it correctly.
11. The first target card is presented again, the student answers it correctly.
12. The first fluent fact is presented.
13. The second fluent fact is presented.
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14. The first target fact is presented again.
15. The sequence of first target fact with the six fluent facts completed
16. The first fluent fact replaced with first target fact, the second fluent fact
replaced with first fluent fact and so on, and last fluent fact is removed.
17. The first target fact replaced with second target fact.
18. The second target fact modeled as the first target fact.
19. The second target fact rehearsed as the first target fact.
20. The sequence of presenting the second target fact with the six fluent facts is
completed.
21. The second target fact is now the first fluent fact; the first fluent fact (i.e.,
the old first target fact) is the second fluent fact; the last fluent fact is
removed.
22. The third target fact is modeled & rehearsed.
23. The sequence of presenting the third target fact with the six fluent facts is
completed.
24. The order of fact presentation is altered in the second session. The third
target fact is introduced first, followed by the second target fact, and,
finally, the first target fact.
Assessment
25. Beginning of session (excluding the first session of the first iteration), the
student is assessed on retention of all nine facts practiced during the
previous day’s session. Each fact presented one by one.
26. Feedback on the number of facts recalled within the required seconds is
given to the student (excluding the first session of the first iteration).
27. A 2-minute timed probe on all 100 subtraction facts is administered (only
at the end of second session).
28. The student’s performance on the 2-minute timed probe is shown to the
student on a graph (only at the beginning of the first session– excluding
the first session of the first iteration).
Total
Total Fidelity: _____ (# yes) /23 * 100 = _____% fidelity of implementation (First Session of
First Iteration)
Total Fidelity: _____ (# yes) /26 * 100 = _____% fidelity of implementation (First Session)
Total Fidelity: _____ (# yes) /26 * 100 = _____% fidelity of implementation (Second Session)
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